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Abstract 

We consider non smooth general degenerate/singular parabolic equations in non 
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1 Introduction 

The present paper is devoted to give a full analysis of the following problem: 



(t,x) G Q t , 

t G (0, T), 
x G (0,1), 


( 1 . 1 ) 


where Bu(x) = u(t,x) or Bu(x) = u x (t,x ) for all t G [0,T], Qt ■= (0, T) x (0,1), 
is the characteristic function of a set u C (0,1), uq G L|(0,1) and h G L\{Qt) '■= 

L 2 (0,T; L\ (0,1)). Here L\( 0,1) is the Hilbert space 



endowed with the inner product 



which induces the obvious associated norm. 
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Moreover, we assume that the constant A satisfies suitable assumptions described below 
and the functions a and b , that can be non smooth , degenerate at the same interior point 
Xq G (0,1) that can belong to the control set u>. The fact that both a and b degenerate at 
Xq is just for the sake of simplicity and shortness: all the stated results are still valid if they 
degenerate at different points. We shall admit different types of degeneracy for a and b. In 
particular, we make the following assumptions: 


Hypothesis 1.1. Double weakly degenerate case (WWD): there exists Xq € (0,1) 
such that a(xo) = b( xq) = 0, a, b > 0 on [0,1] \ {xo}, a, b G W 1,1 { 0,1) and there exist 
K \, K 2 G (0,1) such that (x — Xo )a' < K\a and (x — Xo)b r < K 2 b a.e. in [0,1]. 

Hypothesis 1.2. Double strongly degenerate case (SSD): there exists Xq G (0,1) 
such that a(x 0 ) = b( Xo) = 0, a, b > 0 on [0,1] \ {xo}, a,b G W 1,oo (0,1) and there exist 
K \, K 2 G [1, 2) such that (x — xo)a! < K\a and (x — xo)b' < K 2 b a.e. in [0,1]. 

Hypothesis 1.3. Weakly strongly degenerate case (WSD): there exists xq G (0,1) 
such that a(xo) = b(x 0 ) = 0, a, b > 0 on [0,1] \ {xo}, a G W 1,1 ( 0,1), b G W 1,oc (0, 1) and 
there exist Ki G (0,1), K- 2 G [1,2) such that {x — Xq) a! < K\a and (x — Xo)b' < K 2 b a.e. in 
[ 0 , 1 ]- 


Hypothesis 1.4. Strongly weakly degenerate case (SWD): there exists Xq G (0,1) 
such that a(xo) = b(x 0 ) = 0, a, b > 0 on [0,1] \ {xo}, a £ W 1 ,oo (0, 1), b G W 1 ,:L (0, 1), and 
there exist A\ G [1,2), K 2 G (0,1) such that (x — x 0 )a' < A' 1 a and (x — x 0 )b' < K 2 b a.e. in 
[ 0 , 1 ]- 


Typical examples for the previous degeneracies and singularities are a(x) = \x — Xol ^ 1 
and b(x) = \x — Xol^ 2 , with 0 < K\, K 2 <2. 

In the last recent years an increasing interest has been devoted to (ED in the case when 
A = 0. For example, we recall the works ID, 0 , 0 , H, HDl-Ea, EE-EE where the authors 
focus their attention mainly on well posedness and on global null controllability for (ED, 
also via Carleman estimates (for the nonlinear case see also [20] ). We recall that (11.11) is said 
globally null controllable if for every u 0 G Ti(0,1) there exists h G L\(Qt) such that the 

solution u of ED satisfies u(T,x) = 0 for every x G [0,1] and \\h\\ 2 L2 < C||uo ||^2 ( 0 1 ) 


for some universal positive constant C. 

If A 7 ^ 0, the first results in this direction are obtained in [3D] for the heat operator with 
singular potentials 

u t - u xx - (: t , x) G Qt, (1.2) 

and Dirichlet boundary conditions. The case K 2 = 2 is the critical one and it is the case 
of the so-called inverse square potential that arises for example in quantum mechanics (see, 
e.g., 0 , m) or in combustion problems (see, e.g., [9], [TB], [26]). This potential is known 
to generate interesting phenomena: in 0 and in 0 it is proved, for example, that if K 2 < 2 
then global positive solutions exist for any value of A, whereas, if K 2 > 2 then instantaneous 
and complete blow-up occurs for any value of A. Finally, when K 2 = 2, the value of 

the parameter determines the behavior of the equation: if A < — (which is the optimal 

constant of the Hardy inequality) then global positive solutions exist, whereas, if A > — 
then instantaneous and complete blow-up occurs. 

Moreover, in hd, [m, m, m and m, great attention is given to null controllability 
in the case A 7 ^ 0. Indeed, in [30], new Carleman estimates (and consequently null control¬ 


lability properties) were established for (11.21) under the condition A < -. On the contrary, 


if A > —, in [17] . it was proved that null controllability fails. 
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Recently, in [25] , J. Vancostenoble studies the operator that couples a degenerate diffu¬ 
sion coefficient with a singular potential. In particular, under suitable conditions on K i, K 2 
and A, the author established Carleman estimates for the operator 

u t - {x Kl u x ) x - \-^u, ( t , x ) £ Qt , 

unifying the results of m and 1301 in the purely degenerate operator and in the purely 
singular one, respectively. This result was then extended in [TS] and in m to the operators 

u t - (a(x)u x ) x - \-^u, (t,x)eQ T , (1-3) 

under different assumptions on a and K 2 . Here, as before, the function a degenerates at the 
boundary of the space domain and Dirichlet boundary conditions are in force. 

However, all the previous papers deal with a degenerate/singular operator with degen¬ 
eracy or singularity at the boundary of the domain. For example, in m as a, one can 
consider the double power function 

a{x)=x k (l — x) a , x £ [0,1], 

where k and a are positive constants. To the best of our knowledge, [ 6 ], [7], [22], [23] and 
[25] are the first papers deal with well posedness and Carleman estimates (and, consequently, 
null controllability) for operators (in divergence and in non divergence form with Dirichlet 
or Neumann boundary conditions) with purely degeneracy (i.e. A = 0) at the interior of the 
space domain. In particular, |23j is the first paper that deals with a non smooth degenerate 
function a. 

Recently, in [25] the authors treat for the first time well posedness and null controllability 
for operator with Dirichlet boundary conditions in divergence form with a degeneracy and 
a singularity (i.e. A ^ 0) both that occurring in the interior of the domain (we refer to [25] 
for other references on this subject). We underline the fact that in the present paper we 
cannot use the results of [24], since the equation in non divergence form cannot be recast, in 
general, from the equation in divergence form: for example, if A = 0, it was proved in [251 
that the simple equation 

u t = a[x)u xx 

can be written in divergence form as 

u t = {au x ) x - a'u x , 


only if a' does exist; in addition, even if a 1 exists, considering well-posedness for the last 
equation, additional conditions are necessary: for instance, for the prototype a(x) = \x — 
xq\ K i , well-posedness is guaranteed if K\ > 2 (see [25]). However, in [23] the authors prove 
that if a(x ) = \x — Xo\ Kl global null controllability fails exactly when K\ > 2. Thus, it is 
important to prove directly that, under suitable conditions for which well-posedness holds, 
the problem in non divergence form is still globally null controllable. 


For this reason, the object of this paper is twofold: first we analyze well-posedness of 
(ED for a general degenerate diffusion coefficient and a general singular potential, with 
degeneracy and singularity at the interior of the space domain; second, under suitable con¬ 
ditions on all the parameters of (ED, we prove related global Carleman estimates. Finally, 
as a consequence of Carleman estimates, using a reflection procedure, we prove an obser¬ 
vability inequality: there exists a positive constant Ct such that every solution v of the 
adjoint problem 


A 


v t 


-v = 0 , 


b(x) 

Bv( 0) = Bv( 1) = 0, 
v(T,x ) = v T {x) £ L|(0,1), 


(' t,x ) £ Qti 

te (0,n 
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(1.4) 


satisfies, under suitable assumptions, 

IK°)lli2_ ( o,i) < C'r||«Xa,|ll^ WT) - 

As an immediate consequence, one can prove, using a standard technique (e.g., see E3 
Section 7.4]), null controllability for the linear degenerate/singular problem (11.11) . 

Clearly, this result generalizes the result obtained in [7]: in fact, if we consider Neumann 
boundary conditions and if A = 0 (that is, if we consider the purely degenerate case), we 
obtain exactly the result of [7] in the case of a problem in non divergence form. 

Finally, we remark that also in the case of degenerate and singular problems a key step 
in the proof of Carleman estimates is not only the correct choice of the weight functions, 
but also some special inequalities that we will show later, together with Hardy-Poincare 
inequalities (see Subsections 12.II and 12.21) . 

The paper is organized in the following way: in Section [2] which is divided into two 
subsections, we give some preliminary results, such as Hardy-Poincare inequalities, that 
will be useful for the rest of the paper. In Section [3] we study well posedness of the problem 
applying the previous inequalities. In Section UJ we prove Carleman estimates and we use 
them, together with a Caccioppoli type inequality, to prove observability inequalities in 
Section [5] 

A final comment on the notation: by C we shall denote universal positive constants, 
which are allowed to vary from line to line. Moreover, in the rest of the paper we will write, 
for shortness, (Dbc) or (Nbc) in place of Dirichlet boundary conditions or Neumann ones, 
respectively. 


2 Preliminary results 


In this part of the paper we give different weighted Hardy-Poincare inequalities that will 
be very important for the rest of the paper. In particular, we divide this section into two 
subsections. In the first one we give Hardy-Poincare inequalities in the case of Dirichlet 
boundary conditions; in the last one we prove them in the case of Neumann ones. In order 
to deal with these inequalities we consider different classes of weighted Hilbert spaces, which 
are suitable to study the four different situations given in the Introduction. We remark that 
we shall use the standard notation H for spaces with degenerate weights and (Dbc) and the 
calligraphic notation 7i for spaces with degenerate weights and (Nbc). Thus, we introduce 


K a := 


f #1(0,1) :=T|(0,l)n# 0 1 (0,l), if (Dbc) hold, 

I (0,1) := 1,1(0,1) fl # 1 (0,1), if (Nbc) are in force, 


and 


with the inner products 


ICa,b ■= <{ u S K, a : —= S L 2 ( 0,1) 
V ab 


and 


respectively. 


f ^ uv f i 

(u,v)ic a = / —dx + / u'v'dx , 

Jo a Jo 

(u,v)jc b = [ —dx + f u'v'dx + I —dx , 
Jo a J o J o ab 


Moreover, we will use the following results several times; we state the first lemma for a, 
but an analogous one holds for b replacing K\ with Kn'- 
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Lemma 2.1 (Lemma 2.1, [22]). Assume that there exists Xq £ (0,1) such that a(x o) = 0, 
a > 0 on [ 0 , 1 ] \ {:eo}; and 

• a £ W /1,1 (0,1) and there exist K\ £ (0,1) such that (x — Xq )a' < K\a a.e. in [0,1], or 

• a £ 0,1) and there exist K\ £ [1, 2) such that [x — Xq) a' < K\a a.e. in [0,1]. 

1. Then for all 7 > Ki the map 


x 1 ^ 


is non increasing on the left of x = Xq 


and non decreasing on the right of x = Xq, 

so that lim - -= 0 for all 7 > K\. 

x^xo a 


2. If I< 1 < 1, then - £ L\ 0,1). 
a 


3. If Ki £ [1, 2), then — 7 = £ L 1 (0,1) and — £ L 1 ( 0,1). 

\J CL CL 

For the next result we make the following assumption: 

Hypothesis 2.1. The functions a,b are such that 

1 . a,b£ TT 1 ’ oo ( 0 , 1 ), or 

2 . a, b £ W 1,1 ( 0, 1 ) and there exist K\ : K-i. c-y. C 2 > 0 such that K\ + K 2 > 1 and 

\x — Xq\ Ki > c\a and |x — Xq\ K 2 > c 2 b for all x £ [ 0 , 1 ]. ( 2 . 1 ) 


Observe that the last assumption is not restrictive. Indeed, if we consider the prototype 
functions a(x) = \x — xq\ Ki and b(x) = \x — xq\ K2 , with Ki + K 2 > 1, the last part of 
Hypothesis 12.11 2 is clearly satisfied with c\= c 2 = 1. 

Lemma 2.2. Assume that Hvvothesis \‘2.1\ holds. Then 

1 . -7 ^ L 1 (0,1); 
ab 

2. u(x 0 ) = 0 for every u £ K, a ,b{ 0 , 1 )- 

Proof. 1. First of all assume that Hypothesis 12. Il l is satisfied. Then the assumptions on a 

r 

and b imply ( ab){x ) = / ( ab)'(s)ds. Thus there exists a positive constant C such that, if 

Jx 0 

Hypothesis 12.11 1 is satisfied, then 


( ab)(x ) = |(a&)(cc)| < C\x — xq\. 


Hence, for all x ^ Xq and for a suitable constant C > 0, ——— > C-. - r 

( ab){x ) |x-a;o| 

Assume now that Hypothesis 12.11 2 is satisfied. Then 


_L > Cl ° 2 

ab ~ \x — xq\ K i+K2 


L\ 0 , 1 ), 


^( 0 , 1 ). 


being Ki + K 2 > 1. 

2. Since u £ W 1,1 ( 0,1), there exists lim^-^xg u{x) = L £ I. If L ^ 0, then |it(cc)| > — in a 
neighborhood of xq, that is 


ab 




by the first point, and thus L = 0. 


□ 
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We also need the following result, whose proof, with the aid of Lemma [2.21 is a simple 
adaptation of the one given in [251 Lemma 3.2]. 

Lemma 2.3. Assume that Hvvothesis \'2.1\ is satisfied. Then 


Hl( 0,1) := jn £ Hq(0, 1) such that suppw C (0,1) \ {zo} j 


is dense in K, a ,b ■ 


7 / 

UGH\{ 0,1): -= 
v ab 



2.1 Hardy—Poincare inequalities in the case of (Dbc) 

The first inequality is proved in [22] Proposition 2.6] (we refer also to [23j, Proposition 1.1] 
for some comments): 

Proposition 2 . 1 . Assume that p £ C([0,1]), p > 0 on [0,1] \ {:ro}, p(x o) = 0 and there 
exists q > 1 such that the function 


x i ^ 7 -— is non increasing on the left of x = xo 

\x - x 0 \ q 

and non decreasing on the right of x = xq. 


( 2 . 2 ) 


Then, there exists a constant Chp > 0 such that for any function w, locally absolutely 
continuous on [0, Xq) U (ajo, 1], satisfying 



the following inequality holds: 



(2.3) 


Using the weighted spaces introduced before we can prove the next Hardy-Poincare 
inequalities. First, we make the following assumption: 

Hypothesis 2.2. 1. Hypothesis 11.11 holds with K\ + K 2 < 1, or 

2. Hypothesis 11.11 holds with 1 < K\ + K 2 < 2 and 

3 ci, C 2 > 0 such that \x — Xq\ Ki > c\a and \x — Xq \ K2 > c-ib for all x £ [0,1], (2.4) 


or 


3. Hypothesis 11.31 or 11.41 holds with K\ + K- 2 < 2 and (12.41) . or 


4. Hypothesis II .21 holds with K\ = K 2 = 1. 

Lemma 2.4. Assume that Hypothesis 12.21 1 holds. Then there exists a constant Chp > 0 
such that 



for every u £ K a . 
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Proof. Let u G JC a (recall that in this case (K. a = H i (0,1)) and define p(x) := 


(x - x 0 ) 2 

ab 
vix) 

Using Lemma [2.11 and the assumtpion K\ + K 2 < 1, one has that the function -—, 

\x - Xo\ q 

where q := 2 — (Ad + K 2 ) > 1 , is non increasing on the left of x = xo and non decreasing 
on the right of x = Xo- Thus, Proposition 12. II implies. 

[ 1 *L dx = [\ u2 

Jo ab Jo P {x-x 0 ) 2 


dx < Chp f p(u') 2 dx < /3 Chp f ( u’) 2 dx , 

Jo Jo 


for a positive constant Chp, being 

(3 := max 


Eq (1 -®o) 2 


(ab)(0V (ab)( 1 ) 
Hence (12.511 is satisfied with Chp = PChp- 


( 2 . 6 ) 


□ 


Lemma 2.5. Assume that one among Hypothesis 12.21 2. 12.21 3 or 12.21 4 is satisfied. Then 
there exists a constant Chp > 0 such that (12.51) holds for every u G IC a ^. 

Proof. By Lemma I2l2l we know that, taken u G /C a ,b, u{x 0 ) = 0. Fix e G (0, min{xo, 1 — 20 }) 
and write 

r 1 u 2 , f r°- e r° r xo+e r 1 \ u 2 , 

L^ dx - (i, + /„_«+/„ + y„ j ~b dx ’ 

Now, by the Poincare inequality applied to functions in [0,2 q — e] vanishing at 0, we get 


1 


/ 0 


xq — e 


rx 0—e 


x °~ e U 2 ± j . 

— dx < - 7 - -r / u 2 dx < - 7— -- / ( u’) 2 dx < C I (u') 2 dx, (o 7'\ 

ab ~ mm ab J 0 ~ mm ab J 0 y ’ ~ Jo [ 1 

[ 0 ,a;o—e] [ 0 ,xo—e] 


for some C > 0 independent of u. A similar estimate holds for / —dx. 

Jx 0 +e ab 


Moreover, by Lemma T2.ll there exists C = C{a , b) > 0 such that 


Xo u 2 


ab 


dx < C 


l 


-dx < C 


X0 - e \x - X 0 \ K ' +K2 


7 dx, 


( 2 . 8 ) 


/x 0 -e F“*or 

being K\ + I\ 2 < 2. Since u(x 0 ) = 0, the classical Hardy- Poincare inequality implies that 

r x 0 „.2 rx 0 


—dx < C 
ab 


( u'fdx , 


(2.9) 


for a suitable constant C. By m and m , and operating in a similar way in [xo, 1 ], the 
claim follows. □ 


Observe that the previous estimates give Hardy-Poincare inequalities in all situations, 
namely the (WWD), (SSD), (WSD) and (SWD). However, Lemma [2~5l allows us to consider 
for the (SSD) case only the situation when K\ and K 2 are both 1. 

2.2 Hardy—Poincare inequalities in the case of (Nbc) 

In this subsection we give the analogous Hardy-Poincare inequalities stated before for the 
case of Dirichlet boundary conditions. 

In particular, the following inequality is the analogous of Proposition ^. ll in the Neumann 
case: 
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Proposition 2.2. Assume that p G C([0,1]), p > 0 on [0,1] \ {xo}, p(x o) = 0 and there 
exists q > 1 such that ( 1 ^ 1 ) holds. Then, there exists a constant Cpp > 0 such that for any 
function w, locally absolutely continuous on [0,Xo) U (xo, 1], satisfying 

w'( 0 ) = it/(l) = 0 and f \w'(x)\ 2 dx < +oo , 

Jo 


the following inequality holds: 

f 1 P(x) i 

Jo ( X - X 0 ) 2 

Here 


( x)dx<Cnp f p(x)\w'(x)\ 2 dx + 21 

Jo 


2 ( 1 ) 


P(l) 


(l-*o ) 9 


+ w 2 (0) 


P( 0) 


•'O J 


( 2 . 10 ) 


:= max 


( 1 -xo ) 9 - 1 1 


g-l q-1 

Proof. Fix any (3 G ( 1 , 9 ) and e > 0 small. Then, since (12.21) holds: 


p{x) 


I (x-xn)i w2{x)dX = 

J Xq+E V**' Jx 

< 2 » 2 ( 1 ) f P(X 

J xn 


p{x) 


Xo+e {x - x 0 ) 2 
p{x 


u;(l) - / w'(y)dy 

J X 


dx 


dx + 2 


lx o+e i x x o) Jx 0 +e ( x ^0) 

= 2 w 2 (l) [ P ^ (x - x 0 ) q ~ 2 dx + 2 f 
J Xn+e \ X X o) Jx n 


w'(y)dy ] dx 

P(x) 


< 2 w 2 (l) 

< 2 w 2 (l) 


*0+e ( X "^C *) 9 Jx 0 +e ( X x o) 

(x-n)’- 2 dx + 2 f ^ 

(1 Xo) Jx 0 -fe J xn 

p(l) (1 - Xq ) 9-1 


1 \ 2 

w'(y)dy ] dx 


)9-i /-i 

1 ^ 2 / 


lx 0 +£ ( X X o) 

p(x) / rl 


fl \ 2 

w'(y)dy ] dx 


(1 - x 0 ) 9 q-1 J X0+E (x - x 0 ) 2 

Moreover, proceeding as in [22] Proposition 2.6], one can prove that 


w'(y)dy ] dx. 


p(x) 


I x 0 +ei x X 0)- 


Hence 

f 1 p(x) 


[ w'(y)dy\ dx = f P ^ f f {{y - x 0 ) * w\y)){y - x 0 ) *dy)dx 
Jx J Jxo+Ax-xoY \Jx J 

1 


< 


Jx 0 +ei x Xo) 
Analogously, one has 


w 2 (x) dx < 2w 2 (1) 


(P~ l)(?-/3) Jxo+e 

P( 1) (l-x 0 ) 9_1 , 


p{y)W(y)\ 2 dy. 


(1-Xo) 9 9-1 {P-l)(q- P) Jxo+e 


( 2 . 11 ) 


p(y)\w (y )| dy. 


p{x) ; w 2 (x)dz < 2 ^( 0 )? (0) 1 


(xo - x) 2 


9-1 (P — 1)(9 - P) J 0 


p(y)W(y)\ 2 dy. 


( 2 . 12 ) 

Passing to the limit as e —> 0 and combining (12. 1 If) and (12.121) . the conclusion follows. □ 


As a consequence, one has the next result: 

Corollary 2.1. Assume that p G C([0,1]), p > 0 on [0,1] \ {xo}, p(x 0 ) = 0 and there exists 
9 > 1 such that (12.21) holds. Then, 


































1. there exists a positive constant Chp,i such that for any function w £ H 1 ( 0 , 1 ) satisfying 
w'( 0 ) = it/(l) = 0 , the following inequality holds: 

j Q { x P - X) Xq y w2{ ~ x) dx - Chp ’ 1 HlWi); ( 2 - 13 ) 

2. for all yo £ [ 0 , 1 ], there exists Chp ,2 > 0 such that for any function w £ 1 ? 1 ( 0 , 1 ) 
satisfying w'(0) = w'(l) = 0 , the following inequality holds: 

[ j-^^w 2 {x)dx < C H p, 2 ( [ {w') 2 {y)dy + w 2 (y 0 )] ■ (2.14) 

J 0 (x-xor \j 0 J 


Proof. t.\ Since U 1 (0,1) is continuously embedded in L°°(0,1), one has that for all w £ 

^( 0 , 1 ) 

Hz/o)| < |MU~(o,i) ^ C'll^llff 1 (o,i), V y 0 £ [0,1], 

for a positive constant C. In particular, w 2 (0) and w 2 (l) can be estimated by C'||u)||| r i ^ 0 
Thus, by Proposition 12.21 (12.131) follows immediately. 

2.: Fix now yo £ [0,1]. Since the standard H 1 - norm is equivalent to the norm 


IML : = IKlMo.i) + Hyo)l, 

(12.141) follows immediately by (12.131) . □ 

We will proceed with some estimates similar to the ones given in Lemmas 12.41 and 12.51 

Lemma 2.6. Assume that Hvvothesis 12.21 1 holds. Then there exists a constant Chp > 0 
such that 

J Q fff- Ghp \ MlffW) ( 2 - 15 ) 

for all u £ IC a ( 0, 1) with u'(0) = it'(l) = 0. Moreover, if u{x o) = 0, then 


’a 


1 u 2 — r 1 

—rdx < Chp / ( u') 2 (x)dx. (2-16) 

a b Jo 

(x - x 0 ) 2 

Proof. Let u £ IC a (recall that in this case (JC a = TL\ (0,1)) and define p(x) := - - -. 

a CIO 

As in Lemma 12.41 one can prove that the function p satisfies the assumptions of Corollary 
l2Tl thus, applying (|2.13|) . one has 


/o 


ab 


f 1 u 2 

Jo V {x-xo) 2 dx - ChP ’ 1 I|m|I ^(0,i)- 


Hence, (12.151) holds with Chp = Chp.i- Moreover, if u(x o) = 0, we can apply Corollary 
12 . 11 2 . obtaining 


/ ^—dx= / p- - dx < Chp ,2 { / (u') 2 (x)dx + u 2 (x 0 ) 

Jo ab Jo ( x-xoY \J 0 


Chp, 


-,2 f\u 

JO 


) 2 (x)da 


In this case Chp = Chp, 2 • □ 

Lemma 2.7. Assume that one among Hvvothesis \2.2\ 2. \2.2\ ?> or l2.2! 4 is satisfied. Then there 
exists a constant Chp > 0 such that (12.161) holds for every u £ K. a g, with u'{ 0 ) = u'(l) = 0 . 
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Proof. By Lemma 12.21 we know that, taken u £ /C a ,b, u(xq) = 0. As in Lemma 12.51 fix 
£ £ (0, minjxo, 1 — a?o}) and write 


r 1 u 2 (r x °- £ r° r xo+s r 1 \ u 2 

+ L-, + L + LJ~b dx - 


Now, 


1 


/ o 


x 0 -e 2 

—rdx < . 

ab mm ab 


u 2 dx. 


(2.17) 


[0,a;o—e] 


A similar estimate holds for 
C(a, b) > 0 such that 


1 xo+e 


U, . _. 

—dx. Moreover, by Lemma 12.11 there exists C = 
ab 


Xo u 2 f' x ° u 2 

—dx < c / T - nmrdx < c 

xo-e ab Jx o-e \x - Xo |^ 1+if2 


-e \X-X 0 \ 


-dx. 


(2.18) 


Being u{x o) = 0, the classical Hardy- Poincare inequality implies 


r x ° u 2 

/ —-dx < C 

I Xq—£ ab 


r x o 

jdx ( u') 2 dx , (2-19) 

An-e 


' Xo~£ 1 *^ X 0 \ J Xq—£ 

for a positive constant C. An analogous estimate holds also in [xq,xq + e\. Hence 

2 


/o 


1 u 2 

ab ~ min ab 


< 


[0,x o —e] 
2 


r 1 j-x o rx 0 +e 

/ u 2 dx + C / ( u’) 2 dx + C / ( u’) 2 dx 

Jo J Xn— £ jXc\ 


' Xq— £ 

f* 1 


/ u 2 dx + C (u') 2 dx <C H p\\u\\ 2 HHo1) , 
mm ab J 0 J 0 ( ’ > 

\0,Xo—E\ 

for a suitable positive constant Chp■ Proceeding as in Corollary 12.11 2 the claim follows 
immediately taking as yo the point a^o- □ 


Observe that, as for the Diric.hlet case, the previous estimates give Hardy-Poincare 
inequalities in all situations, namely the (WWD), (SSD), (WSD) and (SWD) and Lemma 
m allows us to consider for the (SSD) case only the situation when K i = K 2 = 1. 

In the rest of the paper we will denote by Chp one of the Hardy-Poincare constants that 
appear in Proposition l2.il [2.21 Corollary 12. II or in Lemmas 12.4112.5112.61 and 12.71 


3 Well- posedness 


In order to study well-posedness of problem mu and in view of Lemmas 12.4112.5112.61 and 
E3 we introduce the space 


K := 


IC a , 

ICa,b, 


if Hypothesis 12.21 1 is satisfied, 
if Hypothesis 12.21 2. 12.21 3 or 12.21 4 is in force, 


where the Hardy-Poincare inequality (12.51) . (12.15[) or (12.161) holds. 

Remark 1. Obseve that, thanks to Lemma [2.41 or [2761 if K 1 + K 2 < 1 the spaces KL a and 
ICa,b coincide and the two norms are equivalent in both (Dbc) or (Nbc). 
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Remark 2. If the assumptions of Lemma [2.4112.51 or E771 are satisfied, then the standard 
norm || • ||x; is equivalent to 

IMIi “ [\u\x)fdx 
J o 

for all u € 1C. Indeed, if (12.511 or (12.161) holds, for all u £ /C, we have 

f 1 u 2 r 1 u 2 r\ l 2 

/ —dx = / b—dx <c (u ) dx, 

Jo a Jo ab Jo 

for a positive constant c, and this is enough to conclude. Analogously, one can prove that if 


(12.151) holds, then the standard norm || • ||^ is equivalent to ||it||//i(o,i) for all u £ 1C. 

In particular, setting C* the best constant of (12.51) . (12.151) or (12.161) in 1C, one has the 
next result: 


Corollary 3.1. Assume that one among Hvvothesis 12.21 2. 12.21 3 or 12.21 4 is satisfied. If 
( Nbc ) hold, then for all u £ tC a .b we have 


! + (?•+ max |0 ,] bC* "“''L.-C.i) £ Mllw) £ maxfl, max«)||„|£. 


Proof. Take u £ K, a ,b with it'(O) = u'(l) = 0. By Lemma [2~71 

A 


" l u 2 


1 u 2 


—dx < max b / —dx < max6C 


[ 0 , 1 ] 


ab 


[ 0 , 1 ] 


(' u') 2 {x)dx. 


Thus, 


IHIk„,!,(o,i) 


r 1 ? ,2 r 1 „,2 t -1 

/ —dx + / — dx + / (u') 2 (x)dx < (1 + C* + rnax&C* 
Jo a J Q ab J o [o,i] 


Il 2 (o,i)- 


On the other hand, 


ll u IIl 2 (o,i) — ll' u llff 1 (0,l) 



/ (u') 2 dx < max a / — dx 

Jo [Oh] Jo a 


< max! 1, max a] 

[ 0 , 1 ] 


2 

/Ca,|,( 0 , 1 )- 



(3.1) 


Thus, the claim follows. 


□ 


From now on, we make the following assumptions on a, b and A: 

Hypothesis 3.1. 1. Hypothesis 12.21 holds: 

2. A ^ 0 and A < i, if (Dbc) hold, or 

o 

f 0, if Hypothesis 12.21 1 holds 
X<{ 1 + . . (3.2) 

——, otherwise, 
l C* 

if (Nbc) are in force. 

Observe that the assumption A ^ 0 is not restrictive since the case A = 0 is considered 
in [3 and in [23] , 

Using the lemmas given in the previous section one can prove the next inequalities, which 
are crucial to prove well-posedness. 
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Proposition 3.1. Assume that Hypothesis 13.11 and ( Dbc ) are satisfied. Then there exists 
A > 0 such that for all u £ K, 


[ (u'(x)) 2 dx - A f ^ ^ . dx > A|M|jc- 
Jo Jo a{x)b{x) 


Proof. If A < 0, the result is obvious by Remark [2j Now, assume that A € ^0, — ). Then, 
by (12.51) and Remark [2] 


i „,2 


{x) 


■dx 


[ (u'(x)) 2 dx - A f 
Jo Jo a{x)b{x) 

> f (u'(x)) 2 dx — A C* ( ( u'(x)) 2 dx 

Jo Jo 

= (1 — AC*) [\u'(x)) 2 dx>A\\u\\l, 

Jo 

for a positive constant A. □ 

Proposition 3.2. Assume that Hypothesis \.i.l\ and ( Nbc ) are satisfied. 

1 . If Hypothesis D2,E23 orE24 u satafied end A < T, tta> there exists A > 0 such 


that for all u £ K. a j, 




i?. If Hypothesis 12.211 is satisfied and A < 0, t/ien there exists A > 0 such that for all 
U £ 

rl u 2 (x) 


[ {u'(x)) 2 dx - A f T \ dx ~ A IMlLb- 
Jo Jo a{x)b{x) 


Proof. 1.: Assume that Hypothesis 12.21 2. 12.21 3 or 12.21 4 is satisfied and take u £ K a ^. If 
A < 0, then, by Corollarv l3.ll we have 


/ C u'{x)) 2 dx - A f “ ^ dx > \\u\\ 2 L 2 {01) > 1 

Jo Jo a(x)b(x ) A ; 1 + C* + m 


max^i] bC‘ 


■NIL 


Now, assume that A £ ( 0, — ). By Lemma [2~71 and Corollarv l3.ll 


f {u'{x)) 2 dx - A f ~^Jrdx>{l-XC*)\\u'\\ 2 L 2 (0tl) 
Jo Jo O’iX)O(X) 


> 


1 - AC* 


1 + C* + max[ 01 ] 6C* 


MlL^ A IMlL 


for a positive constant A. 

Assume now that Hypothesis 12.21 1 is satisfied and take u £ JC a ,b- Recall that, by Remark 
CD IC a and K. a ,b coincide and the two norms are equivalent. Clearly 


1,1 u 2 


1 u 2 


—dx < max b / —dx. 
[o,i] Jo ab 
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Being A < 0, one has 


A 


max[Qj] b J 0 a 


1 u 2 . „ 

— ax < —A / —ax. 


A u 2 


ab 


Hence, we get 


{u'(x)) 2 dx — A f U N da: > 11 ’- /|12 
) lo 


A 


i{x)b{x) 


- ,. u lli 2 (0,l) 
> min < 1, — - 


rl u 2 (x) 


max[ 01 ] b J 0 a(x) 
A 


c&r 


max^i] b 


UCa.' 


The thesis follows by Remark [l] 


□ 


Remark 3. Observe that all the previous results hold if we substitute (0,1) with a general 
interval (A, B) such that xo £ (A, B). 

We recall the following definition: 

Definition 3.1. Let uq £ L\( 0,1) and h £ L\(Qt )■ A function u is said to be a weak 
solution of m if 

and satisfies 


u£ C([0,T];L!(0,l))nL 2 (0,T;/C) 


b1 u(T,x)ip(T,x)_ d ^ _ f 1 u o (x)ip(0,x) ^ 


x)u(t, x) 


i{x) 


i(x) 


' Qt 


i{x) 


dxdt = 


[ u x (t,x)ip x (t, x)dxdt + A f ^ dxdt 

!q t JQt a(x)b(x) 


+ [ h(t , x)xui (x) ^ dxdt 

J Qt 

for all ip £ H\ 0, T; L\ (0,1)) 0 L 2 (0, T; K). 
Finally, we introduce the Hilbert spaces 


Hi i (0,1) := |it £ H\ (0,1)| u' £ R 1 (0,1) and Aiu £ if (Dbc) hold, 

Hi i (0,1) := jw £ H\ (0,1)| u' £ H 1 ( 0,1) and A 2 u £ L|(0,1)1, if (Nbc) are in force, 

where AiU := au" + —u, i = 1,2, with 


D(Ai) = Hi i, if (Dbc) hold, 


and 


D(A 2 ) = ju £ Hi i : w'(0) = u{ 1) = o|, if (Nbc) are in force. 


Remark 4. Observe that if u £ DMA i = 1,2, then ^ and -^= £ L\(0 , 1), so that u £ JC a b 

b \/b a 

and (12.51) . (12.151) or (12.161) holds if Hypothesis 12.21 is satisfied. 

As in |231 Lemma 2.2], one can prove the following formula of integration by parts which 
is a crucial tool for the rest of the paper: 
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Lemma 3.1. Assume that one among the Hvvothesis W. 11 14.2111.31 or ll.41 is satisfied. Then, 
for all (u, v ) £ D(Ai) x 1C, i = 1,2, one has 


'vdx = — 


■'dx. 


(3.3) 


The following existence result holds: 

Theorem 3.1. A ssume Hvvothesis 13.11 For all h £ L\{Qt) and uq £ L\(0, 1), there exists 
a unique weak solution u of (HD- In particular, the operators Ai : D{Af) —> L\{ 0,1), 
i = 1,2, are non positive and self-adjoint in L\( 0,1) and generate two analytic contraction 
semigroups of angle w /2. Moreover, if uq £ D{Af) and h £ W /1,1 (0,T; L|(0,1)), then 


u £ C 1 (0, T; L\ (0,1)) fl C([0, T]; D^Aff). 


Observe that in the non degenerate case we know that the heat operator with an inverse- 
square singular potential gives rise to well posed Cauchy problems if and only if the param¬ 
eter A that appears in m is not larger than the best Hardy inequality (see, for example, 
[30]). For this reason, it is not strange that also in this case we require an analogous condition 
for (11.11) (for other comments see [ 23 ]). 

We recall that the case A = 0 is considered in [7] and in [25] when Neumann or Dirichlet 
boundary conditions hold, respectively. 

Proof of Theorem \3.1\ . 

If Dirichlet boundary conditions hold: Observe that D(A\) is dense in L\ (0,1). Wc will 
proceed as in [241 proving that Ai is nonpositive, self-adjoint and hence to— dissipative. 

A± is nonpositive. By Proposition l3.il for all u £ D{A{) we have 


-(4i«,«)l 2 i(0 ,i) 


[ ( au" + ^-u\ — dx = f [u') 2 dx — \ I ^—dx > A||it||?- > 0, 

Jo \ b J a J o Jo ab 


which proves the result. 

Ai is self-adjoint. Let T : L\(0, 1) — > L\(0, 1) be the mapping defined in the following 
usual way: to each h £ L\(0, 1) we associate the weak solution u = T(h) £ 1C of 



for every v £ 1C. Note that T is well defined by the Lax-Milgram Lemma via Proposition 
EU which also implies that T is continuous. Now, it is easy to see that T is injective and 
symmetric. Thus it is self-adjoint. As a consequence, A\ = T -1 : D{A\) —> L\{ 0,1) is 

self-adjoint (for example, see [28[ Proposition A.8.2]). 

Ai is m— dissipative. Being A\ nonpositive and self-adjoint, the to— dissipativity of the 
operator is a straightforward consequence of pT4j Corollary 2.4.8]. 

Hence (A\, D(Ai)) generates a cosine family and an analytic contractive semigroup of angle 

7T 

— on L\{ 0,1) (see, for example, [2| Example 3.14.16 and 3.7.5]). 

The additional regularity is a consequence of 13 Lemma 4.1.5 and Proposition 4.1.6]. 

If Neumann boundary conditions hold: The proof in this case is similar to the previ¬ 
ous one, but the nonpositivity of the operator A 2 and the wellposedness of T follow by 
Proposition [372] □ 


14 




4 Carleman estimates for the adjoint problem 


In this section we prove one of the main result of this paper, i.e. new Carleman estimates 
for solutions of the following problem: 

v t + a(x)v xx + tt-t v = h{t, x) = h, ( t , x) G Qt, 
b(x) 

Bv(0) = Bv(l) = 0, t£(0,T), 

v(T,x) = vt{x) G L\ (0,1), 

which is the adjoint problem of m- Here T > 0 is given. As it is well known, to 
prove Carleman estimates the final datum is irrelevant, only the equation and the boundary 
conditions are important. For this reason we can consider only the problem 


v t + a{x)v xx + -rj-T 
b{x) 

Bv{ 0) = Bv( 1 ) = 0, 


v = h(t , x) = h, ( t , x) G Qt, 
t G (0, T). 


(4.1) 


First of all, we will consider the case when a and b are strictly positive, since it will 
be crucial in the next section to prove observability inequalities. On a and b we make the 
following assumptions: 

Hypothesis 4.1. There exist two strictly positive constants ao,&o such that a > ao and 
b > bo in [0,1]. Moreover, b G C([0,1]) and a satisfies 

(oi) a G 0,1), there exist two functions g G L 1 (0,1), t) G kF 1 , 00 (0,1) and two strictly 

positive constants g 0 , ho such that g(x) > go and 

==( ( 0 (t)dt + ho) + \/a(x)g(x) = f)(x) for a.e. x G [0,1]; 

2Va(x) \Jx ) 

or 


(a 2 ) a G W’ 1 >°°(0,1). 
Now, define 


0(t) := 


[t(T-t)Y 


(— y -(-cxd 3,s t — y 0 , T ) 


and 


Po,i( x ) '■= 


VW) • 


g(s)dsdt + 




dt 


e rCl(x) - c, 


— c, if (ai) holds, 
if (a 2 ) holds, 


(4.2) 


(4.3) 


where 


f 1 1 

CiOd = b —rdt, 
Jx ait) 


0 = ||a , ||i=o(o,i) an d c > 0 is chosen in the second case in such a way that maxpo.i < 0 . 

Proposition 4.1 (Nondegenerate Carleman estimate). Assume Hypothesis 031 Let z 
solves the non degenerate system 


(Zt + az xx + A— — h G L 2 ( Qt ), 
{Bz{0) = Bz{l) = 0, t G (0,T). 


(4.4) 
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Then, if Dirichlet boundary conditions hold, there exist three positive constants C, r and so 
such that for any s > so 

f (s0 (^) 2 + s 3 Q 3 z 2 ) e 2s ®dxdt <c(f h 2 e 2s ^dxdt — {B.T.) J , (4.5) 

JQt Qt ) 


where 


{B.T.) = 


-J &{t) Vo- g(r)dr + f) 0 ^ (z x ) 2 e 

sr [ [ae 2si Qe rCl {z x ) 2 ] X x Z 1 Q dt, 
k Jo 


- x=l 

2„2s<i> if (ai) holds, 

x=o (4-6) 

if { 02 ) holds. 


If Neumann boundary conditions hold and (ex, 7 ) C (0,1), then there exist three positive 
constants C (depending on a and 7 ), r and sq such that for any s > so 


z 2 e 2s<p dxdt . (4.7) 


[ (sQ(z x ) 2 + s 3 Q 3 z 2 ) e 2s<s> dxdt <C\ f h 2 e 2s ®dxdt + f f 

JQt \«/ Qt Jo J<t 

Here ${t,x) := 0(f)p o , i(x). 

(Observe that <f> < 0 and $(t,x) —> — 00 , as t —> 0 + ,T~.) 

Proof. 

If Dirichlet boundary conditions hold: Rewrite the equation satisfied by z as zt + az xx = 
— — ~z 

h, where h := h— A —. Then, applying [23} Theorem 3.1], there exist three positive constants 
C, r and So > 0, such that 

[ ( sQ(z x ) 2 + s 3 Q 3 z 2 ) e 2s<s> dxdt <C[ f h 2 e 2s *dxdt - (B.T.) ) , (4.8) 

JQt Qt J 


for all s > So- Here the boundary terms (B.T.) are as in (14.61) . Using the definition of h, the 

Iqi 


term J„ h 2 e 2s ® dxdt can be estimated in the following way: 


'Qt 


he dxdt < 2 / h z e zs *dxdt + 2 A 

J Qt 


2 s<£ 


' Qt 


b 2 


dxdt. 


(4.9) 


Now, we proceed as in [24} Proposition 4.3]: applying the classical Poincare inequality to 
w{t, x) := e s ®z(t, x ) and observing that 0 < inf 0 < 0 < c 0 2 , one has 


2A 2 


b 2 


f w 2 X 2 f 

dxdt = 2A 2 / — 5 -dxdt < 2-^-C / {w x ) 2 dxdt 

J Qt b b JQt 

< C f ( s 2 0 2 z 2 + {z x ) 2 )e 2s<p dxdt 

J Q t 

— I 7 ® ( 2 x ) 2 e 2 * * dx dt + j '—(d 3 z 2 e 2s ®dxdt, 
J Qt " J Qt " 


for s large enough. Substituting this inequality in (14.91) . we have 


h 2 e 2s<s> dxdt < 2 


h 2 e 2s ® dxdt - 


' Qt 


-0{z x ) 2 e 2s9 dxdt 


Q 3 z 2 e 2s ®dxdt. 


Using the last inequality in (14.81) . (14.51) follows immediately. 
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If Neumann boundary conditions hold: We will use a reflection procedure. Consider a 
smooth function £ : [— 1 , 2 ] —► R such that £ = 1 in [—a, 1 +er] and £ = 0 in [— 1 , — 7 ]U[l+ 7 , 2 ]. 
Now, define 


{ z(t, 2 — x), x £ [ 1 , 2 ], 
z(t,x), a;e [0,1], 
z{t,-x), x £ [— 1 , 0 ], 

where z solves (14.41) . Thus W satisfies 

{ W 

W t + aW xx + \^-=h, (i, x) £ (0, T) x (-1,2), 

W x (t,-l) = W x (t,2)=0, t £ (0,T), 


(4.10) 


(4.11) 


being 


and 


a(2 — x), x £ [1,2], 

r 6(2 — x), x g [ 1 , 2 ], 

a(x), x G [0,1], b(x ) 

:= < 6 (x), XG [ 0 , 1 ], 

a(—x), EG [— 1 , 0 ], 

[ 6 (-x), x G [—1,0] 

1 hit, 2- x), 

XG [1,2], 

h{t,x) := < h{t,x), 

X G [0, 1], 

[h{t, -x), 

X G [-1,0], 


(4.12) 


(4.13) 


Observe that a, b belong to W 1,1 (— 1, 2) or to W 1 , 00 (—1, 2), if a, b belong to W 1,1 ( 0,1) or to 
W 1 '°°{ 0,1), respectively. Now, set Z := £W; then Z solves 


I Z t + aZ xx — H, ( t , x) £ (0, T) x (—1, 2), 

\Z(t,-l) = Z(t,2)=0, t £ (0,T), 

W 

with H ■= £/i + + 2( I W' I ) — A£—. Observe that Z x (t, —1) = Z x (t, 2) = 0 and, by 

b 

the assumption on a, H £ L 2 ((0, T); (—1, 2)). Now, define §(t,x) := Q(t)p-i^(x), with 


P-i,2(x) := -r 


g(s)dsdt + 


flo 


l-i ^/a(f) it 
if the analogous of (ai) holds for a in [— 1 , 2 ], and 

P-M ■■= e ri2(x) - c, 

if the analogous of ( 02 ) is in force for a in [—1,2]. Here 


-1 \/a(iJ 


dt 


- c, 


f 2 1 

( 2 (x) = c) / —sdt, 
Jx a{t) 


0 = ||a'||(— 1 , 2 ) and c > 0 is chosen in the second case in such a way that max p-i ,2 < 0 . 

[ — 

Thus, we can apply the analogue of [23] Theorem 3.2] on (—1,2) in place of (A, B) and 
with weight <f>, obtaining that there exist two positive constants C (depending on a and 7 ) 
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and so (so sufficiently large), such that Z satisfies, for all s > so, 

r T r-2 


(, s@(Z x ) 2 + s 3 0 3 Z 2 ) e 2s *dxdt 


< C 


= C 


< C 


C 


a: 

r T p2 


H 2 e 2s<p dxdt — sr 0(t) 


rT p2 


H 2 e 2s ®dxdt = C 


\fa / g(r )dr + f) 0 {Z x ) 2 e 


.W 


\2„2 s<£ 


dt 


- x = —l 


rT r 2 


h 2 + A 2 


/ 0 J -1 
j dxdt 

r T />l +7 


+ 2£ X W X ) - ) e 2s$ dzdf 


(W 2 + W 2 )dxdt + 


(' W 2 + W 2 )dxdt 


/ 0 J —7 


/o Jl+O- 


Hence, by definitions of Z, W and b, we have 


rT rl 


(s0(,z x ) 2 + s 3 0V) e 2s ®dxdt < / (s0(Z x ) 2 + s 3 0 3 Z 2 ) e 2s ®dxdt 


< C 


C 


n: x 

( r T r~ c 

0 J -7 


h 2 + A 2 [ Ai- ) | 


W 


(W 2 + W 2 )dxdt 


rT r 1+7 


( W 2 + W 2 )dxdt 


' 0 Jl+a 




< C ^h 2 + A 2 (^Tj ^ e 2s ®dxdt + J J (z 2 + z 2 )e 2s ®dxdt'j 

<c([ h 2 e 2s<s> dxdt + t~ [ z 2 e 2s<s> dxdt + [ [ (z 2 + zl)e 2s ‘ s> dxdt ^ 

\Jq t JQt Jo Ja J 

<c( f —Q 3 z 2 e 2s ®dxdt+ f -Q(z x ) 2 e 2s<s? dxdt\ 

\J Qt ^ J Qt ^ J 


c 


h 2 e 2s ®dxdt + 


’Qt 


rT /*7 

1 0 JoT 


z 2 e 2s ®dxdt 


for s large enough and for a positive constant C depending on a and 7 . Thus the claim 
follows immediately. □ 


Remark 5. We underline that Proposition ld.ll still holds if we substitute the spatial domain 
[0,1] with a general interval [A, B] where the functions a and b satisfy Hypothesis Id. II 


In the following we will assume that the functions a and b are zero at Xq. In particular, 
we make the following assumptions: 


Hypothesis 4.2. 1. Hypothesis Id.ll is satisfied: 

(a: — Xo)a'(x) 


2 . 


a(x ) 


G W 1 ,oo (0,1); 


3. if Ki> there exists 9 £ (0, K-A such that the function x i-*- 7 -—— 

1 - 2 ’ V J \x-x 0 \ e 

ing on the left and nondecreasing on the right of x = Xo; 


is nonmcreas- 
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4. if A < 0, then (x — xo)b'(x) > 0 in [0,1]. 

To prove Carleman estimates, let us introduce the function ip := 
(14.211 and 


e R(v-x 0 ) 2 dy _ d2 

a(y) 


ip{x) := d\ 

Here R and d\ are general strictly positive constants, while 

(1 - x 0 ) 2 e R ^~ x ^ 


c ?2 > max 


2 7?r 2 

x^e n o 


(2 - K)a( 1) ’ (2 - K)a( 0) 


@V’, where 0 is as in 


(4.14) 


The choice of d 2 implies immediately, by Lemma 12.II that 

—d\d 2 < fp( x ) < 0 for every x £ [ 0 , 1 ]. 


Now, define the space 

V:=-ff 1 (0,r;JC)nL 2 (0,T;W). (4.15) 

The main result of this section is the following: 

Theorem 4.1. Assume Hvvothesis 14.21 There exist two positive constants C and sq (de¬ 
pending on X) such that every solution v of (14.11) in V satisfies, for all s > sq, 


j ^s 0 (i > x ) 2 + s 3 0 3 ^ ———J v 2 ^j e 2sip dxdt 


( f e 2sv> f T 

<C\ h 2 - dxdt + sdi / 0 

\Jqt a Jo 


(x-xo )e R ^- x ^ 2 (w x ) i 


-| X = 1 


(4.16) 


dt 


- x=0 


if (Dbc) hold and 

[ | s0(u x ) 2 + s 3 0 3 (— ——^ v 2 ] e 2sip dxdt < C ( [ h 2 - - dxdt + [ v 2 e 2s(p dxdt\ , 

Jqt\ V a J J \JQt a JQt J 

(4.17) 

if (Nbc) are in force. 

More precisely, if to is a strict subset of (0,1) such that Xq £ u>, then (14.171) becomes 


J ^S 0 (u x ) 2 + s 3 0 3 ^ 


2 i „3 q3 ( X X °\ 2 


v 2 I e 2sip dxdt < C 


a 2stp 


-dxdt 


' 0 J uj 


Here d\ is the constant introduced in (14.141) . 


v 2 e 2sip dxdtj . 
(4.18) 


4.1 Proof of Theorem 14. ll if (Dbc) hold 

For the proof of Theorem 14. ll we proceed as in [24]. First, for s > 0, define the function 

w(t,x) := e s<p ^ t,x ^v(t,x), 

where v is any solution of 4HD in V; observe that, since v £ V and tp < 0, then w £V and 
satisfies 

{ e ~ S( f 'll) 

{e~ Sip w)t + a(e~ s ' p w) xx + A—-— = h, (t,x) £ Q T , 

w{t,0) = w{t,l) = 0, t £ (0,T), ( 4 - 19 ) 

w(T, x) = w( 0, x) = 0, x £ (0,1). 
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As usual, we re-write the previous problem as follows: setting 


Lv := v t + (av x ) x + A- and L s w = e S(p L(e sip w), 


then (Id. 191) becomes 


Computing L s w , one has 
where 

and 


L s w = e sip h , (t,x)eQ T , 

w(t, 0) = w(t, 1) = 0, t e (0, T), 
w(T, x) = w(0, x) = 0, x€(0,l). 

L s w = L+w + Ljw, 

T , U) 2 2 

LJw := au> xx + A— — + s a<p x w, 


L s w := wt — 2 saip x w x — saip xx w. 

Of course, 

2(L+w,L s w) L :< 2{Lfw, L s w) l ^ Qt ) + \\L+w\\ 2 l2 ^ + \\L S w\\ 2 L 2 l 

= (q t ) = \\he sv \\ 2 L 2 ^ (q t ) 


(4.20) 


Proceeding as in [23] and in [24], we will separate the scalar product (Lfw,L s w) L 2 (q t ) in 
distributed terms and boundary terms: 


Lemma 4.1. The following identity holds: 
{Ltw,Ljw) L 2^ QT) 

= - I —w 2 dxdt — 2 s 2 / ip x iptxW 2 dxdt 


' Qt 


+ s (2 aif xx + a'ifi x )(w x ) 2 dxdt 

J q t 

+ s 3 / (2aifi xx + a'y x )(g) x ) 2 w 2 dxdt 
J q t 

f f ip x b' 2 

+ s / ( a(p xx ) x ww x dxdt — sX 2 — w dxdt 

J Q T J Qrp V > 

+ J [wxU!t] x zldt - 


> {D.T.} 


(4.21) 


f 

2 ^tl 

w — 

Jo 

a J 


’ g * n _ 

dx+'-jJ [(Vxfw^lZndx 

r T 

+ / [-s<£ x a(u; x ) + s tptTxW - s a(ip x ) w - s\—w \ x=0 dt 

Jo b 

f T - 1 r 1 r 1 -I t=T 

+ / [-sa<£ xx iuu! x ]*zjdt - - / (w x ) 2 - A—- w 2 dx. 

Jo 2, Jo L zao J t—0 

Proof. Computing (Lfw,Ljw) L 2 ^ (q t ), one has that 

( L + W , L s w) L 2 i (q t ) = /1 + ^2 + ^3 + A) 


> {5. T.} 
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where 


I\ .= / {aw xx — sip t w + s 2 a(ip x ) 2 w) — dxdt, 

J q t a 

h~ / (aw xx — stptw + s 2 a(<p x ) 2 w) (— 2 s<p x w x )dxdt, 
J q t 

h := / (ciw xx - siptw + s 2 a(ip x ) 2 w)(-stp xx w)dxdt, 

J q t 

r , fjj 

I 4 := A / —r[wt — 2satp x w x — saip xx w)dxdt. 

J Qt ab 

It is sufficient to compute I 4 , since I\ + 12 +I 3 follows as in [23j. Hence 
j[w^\t=o dx — s I —ip x (w^) x dxdt — s 


and 


(I / yip x (w 2 ) x dxdt - s [ w 2 dxdt\ 

\J 0 Zab Jq t b JQt b / 

(i 

+s / w 2 dxdt — s [ ^-^-w 2 dxdt 

JQt y b Jqt b J 


h = A 

= A 


1 2 

T^fx'W 

b 


X = 1 


- x=0 


(4.22) 


= A 


2 ab 


[w ] t=0 dx - s 


to 


n tc=l 


^y-W 2 dt — S 

b -I x=o 


Qt 


(^? x 6 2 

-IT 

6 2 


dxdt 


□ 


For the boundary terms in (14.21II . we have: 

Lemma 4.2. The boundary terms in Lemma \4-l\ reduce to 


-sd! 0(t)[(® - x 0 )e R ^- x ^ K) 2 


X=1 


dt. 


- a:—0 


Proof. As in 1231 Lemma 4.4], using the definition of ip and the boundary conditions on w, one 


has that the boundary terms in (14.211) . without considering the terms A 


r 

\ 1 al 

-1C 

Jo 

2 ab 


-1 t—T 


dx 


and s A 


r 

Tx 2 

—w 

Jo 

b J 


t—0 


dt , reduce to 


—sdi / 0 (f) (x-x 0 )e R( ' x Xo)2 (w x f 


X = 1 


dt. 


- x=0 


Moreover, since w G V, w S C([0,T];/C); thus w(0,a:), w(T,x) are well defined, and using 
again the boundary conditions of w, we get that 


/o L 


2 ab 


t=T 


dx = 0 . 


Now, consider the last boundary term sA 


term becomes sA 


n V’ / 2 

0 —ic 


x=l 


to 


J t=0 

T r tn 1 x=l 

rx 2 

~r w 

L b J a;=0 


- x=0 


dt. Using the definition of (p, this 

• V ;/ 2 • 

dt. By definition of ^!>, the function 0—ic is bounded in 

b 


(0, T). Thus, by the boundary conditions on ic, one has 

-I X = 1 


sX 


r 

n V / 2 ’ 

0— 1C 

Jo 

L 6 J 


dt = 0 . 


x=0 
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□ 


Now, the crucial step is to prove the following estimate: 

Lemma 4.3. Assume Hvvothesis \4:.2\ Then there exist two positive constants C (depending 
on X) and so such that for all s > s o the distributed terms of (14.2111 satisfy the estimate 

— / ^Iw 2 dxdt — 2 s 2 / ip x <pt x w 2 dxdt + s / ( 2 ap xx + a'ip x )(w x ) 2 dxdt 

^ dQ t ® d Ot dOr 


/ (2ap xx + a'ip x ){ip x ) 2 w 2 dxdt + s / {aip xx ) x ww x dxdt — sX / 

J Qt J Qt J Qt 


^ c 

- ~2 S 


Qt 


c 3 

Q{w x ) 2 dxdt + —s 3 


© 3 


Qj 

3 / X — Xq 


Txb' 

b 2 ? 


j 2 dxdt. 


w 2 dxdt. 


We omit the proof since it follows as in [23 . We observe only that, if A < 0, the thesis 
follows immediately by [23] Lemma 4.3] via Hypothesis 14.21 4. Otherwise, if A > 0, by 
definition of ip and by the assumption on b, one has 


—sX 


w 2 dxdt = —sA 


= —sAcii 


e*A^- dxdt 

b z 


' Qt 


(x- xo)V mx _ xa) 2 
ab 2 


dxdt 


<Qi 


ab 


> -sAdiA '2 [ %e R{x ~ Xo) w 2 dxdt. 

dQ t ab 

for w £ V, we get 
2 e R{x ~ Xo) dxdt < [ %w 2 dxdt < C* f 0 {w x ) 2 dxdt. 

do.T ab d Onr 


' Qt 

Since w(t, ■) £ K, for every t £ [0,1], for w £ V, we get 
f 0 


Hence, 

—sA 


[ ^h 2 w2 dxdt > —sXd\K 2 C* f Q{w x ) 2 dxdt > —sdiK 2 ( Q(w x ) 2 dxdt. 

J Qt 0 J Qt J Qt 


Again the thesis follows by [23] Lemma 4.3], as in [24] Lemma 3.3]. 

From Lemma 14.11 Lemma 14.21 and Lemma 14.31 we deduce immediately that there exist 
two positive constants C and so, such that for all s > so, 


/ -LfwL s wdxdt >Cs Q(w x ) 2 dxdt 
dQ t ® dQ t 


Cs 3 


e 3 


3 / X — Xq 


' Qt 
r T 


w 2 dxdt 


(4.23) 


- sdi / 0 (f) (x - x 0 )e R( - x Xo) (wj : 


dt. 


- x=0 


Thus, a straightforward consequence of (14.201) and (14.231) is the next result. 

Lemma 4.4. Assume Hwothesis iA . 21 Then, there exist two positive constants C (depending 
on X) and so, such that for all s > sq, 


J Qt 

< c 


Q(w x ) 2 dxdt + s 3 / 0 3 

d Qt 


q3 ( x - x 0 


'dxdt 


2s(p(tjx') r r J-' 

h 2 - - dxdt + sdi / 0 (f) (x - x 0 )e Rix ~ Xo) ( w x y 

a do L 


(4.24) 


dt 


- x=0 
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Recalling the definition of w, we have v = e Sip w and v x = —sQijj'e a<p w + e stp w x . 
Thus, substituting in (14.241) . Theorem 14.11 follows if (Dbc) hold. 


4.2 Proof of Theorem 14.11 if (Nbc) hold 

In this case we will proceed as in >7j, using Theorem 14.11 in the case of Dirichlet boundary 
conditions and a technique based on cut off functions. 


Proof of Theorem Choose a,0 > 0 such that a < /3 < x o, 1 + 0 < 2 — xo, and consider a 
smooth function £ : [— 1 , 2 ] —> K. such that £ = 1 in [— a , 1 +a] and £ = 0 in [— 1 , — 0]\j[l+0, 2 ]. 
Now, we consider 


where v solves 


(v(t, 2-x), 

x G [1,2], 


W(t,x) := < v(t,x), 

x G [0,1], 

(4.25) 

[w(t,-a;), 

X G [-1,0], 


v t + a(x)v xx + v = h{t , x) 

b{x) 

= h, (; t,x)£Q T , 

(4.26) 

v x (t, 0) =v x (t, 1) = 0, 

t G (0, T). 



Thus W satisfies (14.111) . where a, b and h are defined as in (14.121) and (14.131) . respectively. 
Clearly, in this case a and b are 0 at Xo and, as before, a, b belong to W 1,1 (—1,2) or to 
W / 1 ’°°(—1, 2), if a, b belong to IT 1 , 1 (0,1) or to IT 1 ’ oo (0,1), respectively. Now, set Z := 0W 
and take 5 > 0 such that 0 + S < Xq and l+/3 + d<2 — Xq. Clearly, — xq < —0 — S. Then 
Z solves 


Zt + aZ xx + A— — H , ft, x) G (0, T) x (—0 — <5,1 + 0 + <5), 

b 

Z(t,-0-8) = Z(t,l + 0 + 8)=O, t G (0,T), 


with H := £h + d{0 xx W + 2£ X W X ). Observe that Z x (t, —0 — 5) = Z x (t, 1 + 0 + 5) =0 and, 
by the assumption on a and the fact that £ x , £ xx are supported in [— 0, — a] U [1 + a, 1 + 0], 
H G L 2 ((0,T); L\{—0 — 6 ,1 + 0 + 6)). Now, define (p{t,x) := Q(t)if(x), where 


ip(2 — x) = di 


f t 2 . + . X ° e R{2 - t - Xo) dt 

U 2-XO a (0 


ip(x) := < 


if(-x) = d\ 


’ f t^e^-^dt 
YJ-X 0 a(t) 




x G [1,2], 
x G [0,1], 
X G [-1,0] 


(4.27) 


Thus, we can apply the analogue of Theorem 14.11 with (Dbc) on (—0 — 5,1 + 0 + 5) in place 
of (0, 1 ) and with weight Cp, obtaining that there exist two positive constants C and s 0 ( s o 
sufficiently large), such that Z satisfies, for all s > sq, 


t r i+p+8 


0 J-t3-8 


< c 


= c 


Q(Z X ) 2 + s 3 0 3 ^ a ‘ T ° j Z 2 ^j e 2s *dxdt 

f T 

+ sdi / Qe R(x ~ Xo) 2 (x-xo)(Z x f 

Jo L 


rT /*l+/S+5 „2 s<2> 

f I H 2 ^ 

Jo J — 0—8 a 

rT /*l+/3+(S 


-dxdt - 


- x=l+/3+<5 


- x=—3—S 


dt 


H 2 ——dxdt. 


/o J—0—8 
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By definition of £, W and Z, we have 


J J ^s0(uj) 2 + s 3 0 3 ^ u 2 ^ e 2sv> dxdt 


rT rl 


S Q(Z X ) 2 + s 3 e 3 1 x Xo 


/0 Jo \ 
r T r l+p+5 


Z 2 e 2s *dxdt 




< 


s0(Z x ) 2 + s 3 0 3 ' X X ° 


Z 2 e 2s *dxdt < C 


/*T pl+/3-\-8 2s<£ 

f / H 2 _ dxdt. 
o J-a-s a 


Jo J-0-5 

Using the fact that and £ xx are supported in [—/3, —a] U [1 + a, 1 + /3], it follows 


r T rl+P+S 2sCp 


nT p1 +/3+<5 ^ 

dxcit= / / (£d + d(£ xx lU + 2£ x W x )) 

Jo J-B-S 


H z 


/ 0 J-B-S 


e 2s< ^ 

2 —dxdt 
a 


< C 


< C 


pT /*l+/3+<5 


r-ot r 1+/3' 


/ / /i 2 -^dxdf + / / + 

Jo J-/3-S a JO \J-P J 1+a 


(fU 2 + fU 2 )e 2s ^dxdf J 


/*T /*2 


/0 */-l 


f+ fU 2 + fU 2 ) e 2s ^dxdt. 


Hence, using the definitions of <£, a, h and W, it results 


/ 7 ‘ 


S 0 (u x ) 2 + s 3 0 3 ' * X0 


y 2 e 2sv dxdt < C 


r T p2 


'0 ^-1 


y + W 2 + TU 2 ) e 2s ^dxdt 


< 


C J J ^ -1- u 2 + 0v 2 ^ e 2sip dxdt , 


for a positive constant C'. Hence, we can choose so so large that, for all s > sq, 


(4.28) 


rT r 1 


/0 JO 


< c 


s0(u x ) 2 + s 3 0 3 r; 2 j e 2sip dxdt 


r T I" 1 „e 2sv> 

/ / h 2 -dxdt - 

/o do a 


rT rl 


/O Jo 


’ 2 e 2s,p dxdt) , 




for a positive constant (7. 

Assume now that w is a strict subset of (0,1) such that Xq € w. Then, by (14.171) . 


J Qt 

< C 


s®(v x f + s 3 ® 3 ( X X ° 


y 2 e 2stp dxdt 


= C 


f e 2sv 

/ h 2 - dxdt - 

IQt a 

f e 2s<p 

/ d 2 - dxdt 

' Qt a 


' Qt 
rT 


•) 2 e 2sLp dxdtj 


/ / v 2 e 2s<p dxdt + / v 2 e 2sip dxdt 

1 0 J{0,l)\u Jo iu y 

2 


< 


C ( f h 2 - - dxdt + ( f Q 3 f -——^ v 2 e 2sip dxdt+ f f v 2 e 2sv dxdt\ 

\JQt a Jo J(0,l)\ui \ a J Jo Ju> J 

Y 


r e 2 s(p 

/ h 2 - - dxdt 

' Qt a 


3 / X — Xq 


v 2 e 2slfi dxdt - 


v 2 e 2sip dxdt 


/ 0 J uj 
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Hence, we can choose Sq so large that, for all s > Sq and for a positive constant C: 

J ^s0(na;) 2 + s 3 0 3 ^ v^J e 2s(p dxdt < C h 2 - - dxdt + J J v 2 e 2stp dxdt 

□ 

Observe that (14.171) and (14.181) are the analogous estimates proved in 7] when A = 0. 



5 Applications to observability inequality 


In this section we shall apply the just established Carleman inequalities to observability 
issues. For this, we assume that the control set oj satisfies the following assumption: 

Hypothesis 5.1. The subset oj is such that 

• it is an interval containing the degeneracy point: 

oj = (a, /3) C (0,1) is such that xq £ oj, (5.1) 


or 

• it is an interval lying on one side of the degeneracy point: 

oj = (a, /3) C (0,1) is such that xq ^ w. (5.2) 


On the functions a, b and on the constant A we make the following assumptions: 

Hypothesis 5.2. Hypothesis 14.21 is satisfied. Moreover, if Hypothesis II. l| or II. 3l holds. there 
exist two functions g £ -Lg^QO, 1 ] \ {ccq}), 1 ) £ Wi^QO, 1 ] \ {ccq}; £°°(0 ,1)) and two strictly 


positive constants g 0 , f) 0 such that g(x) > go and 
a'(x) 


J g(t)dt + f) 0 ^ + \Ja(x)g(x) = fi(x, B) for a.e. x, B e [0,1] (5.3) 


2 y/a(x) 

with x < B < xo or xq < x < B. 

Hypothesis 5.3. If xo oj, (Nbc) hold and A'i + K -2 < 1, then 

1 

max a < —-, 

[o,i] Chp, i 

where Chp,i is the Hardy-Poincare constant of Corollary 12 .II 

Remark 6. Since we require identity (15.31) far from Xq, once a is given, it is easy to find 
g, f),g 0 and f) 0 with the desired properties (see [7J Remark 4] for some examples). 

Now, we associate to problem m the homogeneous adjoint problem 

A 


vt + av xx + 

b{x) 

Bv( 0) = Bv( 1) = 0, 
j(T,x) = vt(x), 


v = 0, (t,x) £ Q t , 

t £ (0, T), 


(5.4) 


where T > 0 is given and vt(x) £ L\( 0,1). By the Carleman estimates given in Theorem 
14.11 we will deduce the following observability inequality for all the degenerate cases: 
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Proposition 5.1. Assume Hvvotheses 15.11 15.31 There exists a positive constant Ct such 
that every solution v G U of (15.41) satisfies 


where 


[ v 2 (0,x)—dx < Ct [ [ v 2 (t,x)—dxdt, 

Jo a io L a 


U := C([0,T]; L|(0,1)) fl L 2 (0,T;/C). 


(5.5) 

(5.6) 


5.1 Proof of Proposition I5TT1 

We will give some preliminary results. As a first step, consider the adjoint problem 

{ v t + AiV = 0, (t,x) G Qt, 

Bv(0) = Bv(l) = 0, t G (0,T), 

v(T,x) = v T (x) G D(A 2 ), 

where 

D(A 2 ) = {u e D(Ai) | A lU G D(Ai) }. 

Observe that D(A 2 ) is densely defined in D(Ai) (see, for example, [8] Lemma 7.2]) and 
hence in L\{ 0, 1). As in [23], define 

Q := |t; is a solution of (P:)}- 
Obviously (see, for example, [5] Theorem 7.5]), 

QcScVcid, 

where V and U are defined in (14.151) and (15.61) , respectively, and 

S~ C\[0,T]-W). 

In order to prove Proposition EH we need the following result: 

Lemma 5.1. Assume Hvvotheses 15.11 and 15.21 Then there exist two positive constants C 
and so such that every solution v G Q of (Pi), i = 1,2, satisfies, for all s > so, 

[ \ sQ(v x ) 2 + s 3 © 3 (- —— ^ v 2 ] e 2sv> dxdt < C [ [ —dxdt. 

Jq t \ V a J J Jo Ju> a 

Here O and ip are as before. 

The proof of the previous lemma follows by the next Caccioppoli’s inequality: 

Proposition 5.2 (Caccioppoli’s inequality). Assume Hvvothesis \2 .21 and (15.31) if Hypothesis 
D or o holds. Let to' and ui two open subintervals of (0,1) such that u/ CC to C (0,1) 
and xo $. 57. Let <p(t,x) = Q(t)T(x), where O is defined in (14.21) and 

T G C([0,1], (-00,0)) O C' 1 ([0,1] \ {x 0 }, (-00,0)) 


satisfies 

|T X | < ~^= in [0,1] \ {x 0 }. 

v a 


(5.7) 
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Then there exist two positive constants C and s o such that every solution v £ Q of the 
adjoint problem {Pi), i = 1,2, satisfies 


[ [ ( v x ) 2 e 2stp dxdt < C f f v 2 dxdt < C f ( v 2 - 

JO J uj' JO J uj Jo J to ® 


-dxdt 


(5.8) 


for all s > So- 

See [23J Remark 10] for some comments on (15.71) . 


Proof of Provosition \5.tA The proof is an adaptation of the one of [53] Proposition 5.4], so 
we will skip some details. Let us consider a smooth function £ : [0,1] — > R such that 

0 < f{x) < 1, for all x £ [0,1], 

£(x) = 1, x £ u/, 

^(x)=0, x £ [0,1] \ w. 

Hence, by definition of ip, we have 

0 = J fjj (^J f, 2 z 2sv v 2 dx^j dt = J (2sf 2 ip t ^ 2s,p v 2 + 2f 2 e 2s,p vvt)dxdt 

(since v solves {Pi), i = 1,2) 

= 2 f sf 2 ip t e 2s,p v 2 dxdt + 2 f {£ 2 e 2slp a) x vv x dxdt 
JQt JQt 

+ 2 f / 2 e 2stp a{v x ) 2 dxdt — 2A f f 2 e 2sv ^—dxdt. 

J Qt J q.t b 


'Qt 

If A < 0, one has 


[ tf 2 e 2s,p a{v x ) 2 dxdt = — 2 f sf 2 ip t e 2s,fi v 2 dxdt — 2 f {f 2 e 2s<p a) x vv x dxdt 
J Qt J Qt J Qt 


+ 2A / f 2 e 2stp —dxdt 


• Qt 


< -2 


’ Qt 


sf 2 ip t e 2s,p v 2 dxdt — 2 f {f 2 e 2sv a) x vv x dxdt. 
J Qt 


Hence, proceeding as in [231 Proposition 5.4], the claim follows. 

If A > 0, we can apply Lemmas 12.4112.51 if (Dbc) hold, or Lemmas 12.6112.71 if (Nbc) are 
in force, to w = f^fiae scp v. Hence, fixed e > 0, by the Cauchy-Schwarz inequality and by 
definition of £, we get, for some C e > 0, 

2A f f 2 e 2slfi ^—dxdt = 2A / —dxdt < 2A C* [ {w x ) 2 dxdt 
J Qt b JQt ab J Qt 

f 2 e 2sv a{v x ) 2 dxdt + C e f f \{^e s<p s/a) x ] 2 v 2 dxdt J 
j J 0 J uj ) 


< 4A C* e 


/ 0 J uj 


if (Dbc) hold or if (Nbc) are in force and Lemma 12.71 is applied, and 


'Qt 


2A / f 2 e 2s * v —dxdt = 2A / < 2A C* 

Jq t b ab 


< 4A C* e 


/ 0 J uj 


{w x ) 2 dxdt + / w 2 dxdt 
)t J Qt 

f, 2 e 2scp a{v x ) 2 dxdt + C e [ [ [{&** s/d) x \ 2 v 2 dxdt 

Jo J uj ) 


+ 2AC* 


f 2 e 2sv> av 2 dxdt 


/ 0 J uj 
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in the case of (Nbc) and Lemma [?+l In every case, setting J := J\ or J := J 2 , we have 


/ 0 J oj 


^ 2 e 2sv a(v x ) 2 dxdt < —2 f ( s£, 2 ip t e 2sip v 2 dxdt 
J 0 J oj 


2 f f (j; 2 e 2sLp a) x vv x dxdt + J. 
J 0 J oj 


(5.9) 


Now, as in [23l Proposition 5.4], 


JO J oj 


(S, 2 e 2sv a) x vv x dxdt < f f t; 2 e 2s(p a(v x ) 2 dxdt + 4 f f [{^e sv J 2 v 2 dxdt. 
JO J oj J 0 J oj 

Substituting this last inequality in (15.91) and using the definition of J, it follows 

£ 2 e 2s(p a(v x ) 2 dxdt < — 2 [ [ s£ 2 ip t e 2s<p v 2 dxdt + 4 [ f Ut;e s<p y/a) ] 2 v 2 dxdt + J 

Jo Joj Jo Joj 

< — 2 f ( s£ 2 (p t e 2stp v 2 dxdt + 4(1 + \C*C e ) f ( {(£,e sv \fa) J 2 v 2 dxdt 
Jo J oj Jo J oj 

+ 4A C*e [ [ Z 2 e 2s *a(v x ) 2 dxdt + 2\C* [ [ £ 2 e 2sv av 2 dxdt. 

Jo J oj Jo J oj 


f 

/o Joj 


Hence 


(1 - 4AC*e) [ [ i 2 e 2sip a(v x ) 2 dxdt < -2 f [ s£, 2 tp t e 2sv v 2 dxdt 

Jo J oj Jo J oj 

+ 4(1 +A C*C e ) [ [ ((^V^)fv 2 dxdt + 2XC* [ [ £ 2 e 2sip av 2 dxdt. 

J 0 J oj J 0 J oj 


(5.10) 


Moreover, using the fact that Xq # w, we have, as in [23] Proposition 5.4], the existence of 
a positive constant C depending on e such that 


-2 


JO J oj 


s£ 2 cp t e 2s ‘ fi v 2 dxdt + 4(l + \C*C e ) [ [[(&"'’Va) x ] 2 v 2 dxdt 

Jo J oj 


< c 


v 


‘dxdt. 


JO J oj 

Substituting in (15.101) . we get 

r T 


(1 — 4A C*e) f f ^ 2 e 2sv a(v x ) 2 dxdt < C f f v 2 dxdt + 2AC* f f t; 2 e 2scp av 2 dxdt 
Jo Joj Jo Joj J 0 Joj 


r T 

/ 0 Jui 


< C 


v 2 dxdt < C 


' 0 J oj 


JO J oj 


v‘ —dxdt, 
a 


for a positive constant C (still depending on e). Since xq ^ u' and choosing e < , we 

4AG 

can prove that there exists a positive constant C such that 


infa(cc) / / e 2sv (v x ) 2 dxdt < 

Jo Ju' 

rT 


t; 2 e 2sv> a(v x ) 2 dxdt 
< f f £ 2 e 2slp a(v x ) 2 dxdt < C [ f v 2 —dxdt. 

Jo lu Jo Jui a 


JO J oj' 
rT 


□ 
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Remark 7. Clearly (15.81) holds also if the state space (0,1) does not contain a degenerate 
point. 


Proof of Lemma \5.1\ if Xn qLuj. Recall that w = (a,/3) and suppose Xq < a (the proof is 
ar if we 
a + 2/3 


similar if we assume that /3 < xq with simple adaptations); moreover, set r := —— and 


7 := ———, so that a < r < 7 < /3. Now, fix a £ (a, r), /3 £ ( 7 , /3) and consider a smooth 

O 

function £ : [0,1] —> R such that 

0 < £(x) < 1, for all x £ [0,1], 

£0*0 = 1, x £ [ t ,7], 

k £(®)=0 , x £ [0,1] \ (a, /3). 

Define w := £t), where u is any fixed solution of (Pi), i = 1,2. Hence, neglecting the 
final-time datum (of no interest in this context), w satisfies 

/ w 

J **7 P QIXxx P — ®PxxX P 2^ X V X ) —- f , (t, x) £ Qt , 


k u>(f, 0 ) = w(t , 1 ) = 0 , 


t £ (0, T). 


Applying Theorem Id. 1 1 with (Dbc), there exists two positive constants C and Sq such that, 
for all s > So, 


' Qt 


(^sQ(w x ) 


2 + s 3 0 3 ( X x 0 


. „ /• p 2 Sip 

w 2 )e 2s(p dxdt < C / - f 2 dxdt. (5.11) 

J Qt a 


Then, using the definition of £ and in particular the fact that £ x and p xx are supported in 
Cj, where Cj := ( a , r) U ( 7 , /?), we can write 


P 


= a(t, xx v P 2£ x v x ) 2 < C(v 2 + ( v x ) 2 )xco■ 


(5.12) 


Hence, using the fact that Cj CC cj and xq $/L cj, we find 

2 


[ T [ (s^VxfPsZO 3 ^ Xo 

(sQ(w x ) 2 P s 3 0 3 ^ ^ X ° ^j w 2 j 


v 2 I e 2sv dxdt 


[s: 


e 2sLp dxdt 


< 


J (^s0(w x ) 2 P s 3 & 3 w 2 )e 2s -dxdt 

(by (15.111) and (I5.12D ) 

< C f f e 2sip (v 2 P ( v x ) 2 )dxdt 

JO J uj 

(by Proposition 15.21 with tp = Qip and using the fact that 
e 2sip is bounded) 

< C [ [ — dxdt. 

J 0 Ju a 

Now, consider a smooth function 77 : [0,1] —► K such that 

0 < 77 ( 2 :) < 1 , for all x £ [ 0 , 1 ], 

» 7(20 = 1 > x £[ 7 , 1 ], 

77 ( 2 ;) =0, x £ [0, t] , 


(5.13) 
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and define z := r)v. Then z satisfies the non degenerate problem 


zt + az xx + = h, ( t, x) e (0, T) x (a, 1), 

k Bz(a ) = Bz( 1) = 0, t £ (0 ,T), 


(5.14) 


with h := a(rj xx v + 2 W )eL 2 ((0,T)x(a,l)). 

Moreover, since the problem is non degenerate, we can apply, thanks to Remark 0 
Proposition 14 .1 1 in (a, 1). In the following of the proof, we will distinguish between Dirichlet 
boundary conditions and Neumann ones. 

Dirichlet boundary conditions: By Proposition 14.11 there exist two positive constants C 
and so such that 


f f (sQ(z x ) 2 + s 3 <d 3 z 2 ) e 2s ' l ‘dxdt < C f f 

J 0 Ja J 0 Jcx. 


T r 1 


h 2 


,2s4> 


dxdt , 


(5.15) 


0 J a. 


for s > So- Observe that the boundary terms in (14.511 are non positive (z x (t, 0) = 0 for all 
t G [0,T]). 

Now, proceeding as in (15.121) . we get that there exists a positive constant C such that 
h 2 

— < C(v 2 + vl)Xi 5 , where Cj = (iqy). Hence, by Remark^ we can apply Proposition 15.21 
a 

and recalling what the support of 77 is, we get 
f f (sQ(z x ) 2 + s 3 0 3 z 2 ) e 2 ^ dxdt 

J 0 Ja 

<C f f e 2s ®{v 2 + {v x ) 2 )dxdt < C f f v 2 dxdt + C f f e 2s ®(v x ) 2 dxdt (5.16) 
Jo JCj Jo JCj Jo JCj 


< c 


V 

— dxdt. 


Jo Jui a 

Since Xo (a, 1), one has that there exists k > 0 such that 

r T /■! . / \ 2 


J J ^s 0 (z x ) 2 + s 3 0 3 ^ z 2 ^e 2slp dxdt 

<k ( f sQ(z x ) 2 e 2s ®dxdt + k f f s 3 0 
Jo J a J 0 J a. 


3c»3.2 „2s* dxd f 


(5.17) 


< C 


-dxdt, 


' 0 J oj 


for a positive constant C and s large enough. Hence, by definition of z and by the inequality 
above, we get 


ff 

Jo j 7 


(sOKf + S 3 © 3 ^ *° 


v 2 ^j e 2s<p dxdt 


J J ^s 0 (za ,) 2 + s 3 0 3 ^^ z 2 ^je 2sv dxdt 


< 


'7 
r T r l 


'0 J a. 


(5.18) 


(sQ{z x ) 2 + s 3 Q 3 t X Xo 


z 2 )e 2sip dxdt 


< C [ [ —dxdt, 

Jo Ju a 


for a positive constant C and for s large enough. Thus, there exists two positive constants 
C and so such that, by (15.131) and (15.181) . 


n: 


(. sO(v x ) 2 + s 3 e 3(x Xo 


2 ]e 2sv dxdt < C 


V 

— dxdt, 


(5.19) 


'0 J oj 
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for all s > So- To complete the proof it is sufficient to prove a similar inequality for x £ [0, r]. 
To this aim, we follow a reflection procedure already introduced in [22j considering W given 

by 

( v{t,x), x£ [ 0 , 1 ], 

—v(t,—x), [- 1 , 0 ] 


W{t,x) := 

and the functions a and b introduced in (14.121) but restricted to [—1,1], i.e. 
a[x), x £ [ 0 , 1 ], 


a(x) := 


and b(x) := 


b{x), x £ [ 0 , 1 ], 
b{-x), x £ [— 1 , 0 ], 


a(—x), x S [—1, 0] 
so that W satisfies the problem 

W 

W t +dW xx + Ay =0, (t,x) £ (0, T) x (-1,1), 

W(t,-1) = W(t,l) =0, t £ (0,T). 

Now, consider a cut off function p : [— 1 , 1 ] —> K. such that 

0 < p(x) < 1, for all x £ [—1,1], 
p(x) = 1, x £ [—t,t], 
p(x) = 0, x£ [-1,-7] U [7,1], 


and define Z := pW. Then Z satisfies 


Z t + aZ xx + A-=- — h, ( t , x) £ (0,T) x (—1,1), 

Z(t,-l) = Z(t,l) = 0, t £ (0,T), 


(5.20) 


where h = a(p xx W + 2 p x W x ). Now, considering the function <p introduced in (14.271) but 
restricted to [— 1 , 1 ], i.e. <p(t,x) := <d(t)ip(x ) with 


ip{x) := 


jlp(x), 


1 Ip{-x) = di 

f X t + * 0 e fl (‘+*o ) 2 dt d 2 

J-x 0 a{t) 


x > 0 , 
x < 0 , 


(5.21) 


we use the analogue of Theorem 14.II on (—1,1) in place of (0,1) and with <p replaced by (p. 
Moreover, using the fact that Z x (t, —1) = Z x (t, 1) = 0, the definition of W and the fact that 
p is supported in [— 7 , — r] U [r, 7 ], we get 


J J ( sQ(Z x ) 2 +s 3 e 3 ^ Z 2 \e 2s ^dxdt 


< c 


rT r 1 p 2sCp 
> c 


dxdt 


10 


h 2 - 

-1 a 

<C f f (W 2 + {W x ) 2 )e 2s ^dxdt + C [ f {W 2 + (W x ) 2 )e 2s<p dxdt 
Jo J~ 7 

(since ip(x) = ip(—x), for x < 0 ) 

r T n 


1 0 Jt 


(5.22) 


'0 j T 

(by Propositions 15.21) 


2 C [ f {W 2 + (’ W x ) 2 )e 2sv dxdt = 2 C f f \v 2 + {v x ) 2 )e 2sv> dxdt 
Jo Jt Jo Jt 


< c 


-dxdt, 


> 0 J oj 
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for some positive constants c, C and s large enough. Hence, by definitions of Z , W and p , 
and using the previous inequality one has 


2 | „3q3 ( x x o \ 2 


v 2 I e 2sv dxdt 


J J ^S0(u x ) 2 + s 3 0 3 ^ 

= lo Jo ( S0 ( Wa; ) 2 + s303 ( X ^’ X '° ) W ^j e2svdxdt 

= £ £ (sG(Z x ) 2 + s 3 0 3 2 Z 2 ^j e 2s(p dxdt 


(5.23) 


< 


[ (sQ{Z x ) 2 + s 3 0 3 ( -——^ Z 2 ] e 2s *dxdt 


/o J-l 


< C [ [ — dxdt, 

Jo Ju, a 

for a positive constant C and s large enough. Therefore, by (15.1911 and (15.231) . the conclusion 
follows. 

Neumann boundary conditions: In this case (15.151) becomes 


T 1 f T 1 1 2 

[ [ (s0(z x ) 2 +s 3 0 3 z 2 )e 2s ‘ s ’dxdt<C ( f f — t 

Jo J a \J 0 Ja a 


-e 2sq> dxdt + / / ze dxdt. , 

Jo Juj J 

(5.24) 

for a positive constant C and for all s > So- Here, we recall, Cj = (r, 7 ). As for (15.161) . we 
get 


[ [ (s0(4-) 2 + s 3 0V) e 2s *dxdt 

Jo Ja 

<C [ [ e 2s ®(v 2 + (v x ) 2 )dxdt + C [ [ z 2 e 2 ^ dxdt. 

Jo J Cc J 0 J Cj 


J 0 J Cj 

(since z = r)v ) 

r T 

< 


(5.25) 


/ 0 J Cj 

< C f f — dxdt. 
Ja Ju a 


C f j v 2 dxdt + C [ f e 2s ® {y x ) 2 dxdt 
J 0 J Cj J 0 Juj 


Proceeding as before (see (15.171) and (15.181) 1. there exists k > 0 such that 
£ j 1 (s 0 (u x ) 2 + s 3 0 3 ^ 2 ) e 2s *dxdt 


'7 
cT r \ 


< 


JO J a 
r T pi 


(s0(z x ) 2 


2 -p s 3q3 ( X X o\ „2 


2 ^je 2s<p dxdt 


< k ( f sQ(z x ) 2 e 2s ®dxdt + k f f s 3 0 

Jo J a J 0 J a 


(5.26) 


303.2 „2s*dxdt 


< C 


JO J a 

rT r 2 
f / V z 


J 0 J uj 


— dxdt, 
a 


for a positive constant C and s large enough. Thus (15.131) and (15.261) imply again (15.191) . 
As before we have to prove a similar inequality for x £ [0, t] . We consider W defined as in 
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(14.251) . but restriced to [—1,1] and a, 6 , and Z defined as for the case when (Dbc) holds. 
Then W satisfies the problem 

! W 

W t + aW xx + A-=- = 0, (t,x) G (0, T) x (-1,1), 

W x (t,-l) = W x (t,l) = 0, t G (0,T), 

while Z satisfies (15.201) and (15.221) . As a consequence, if v solves (P 2 ), v satisfies (15.231) . 
Hence, the conclusion follows. 

□ 


Proof of Lemma 15.11 if Xq G ui. 

Dirichlet boundary conditions: Assume that v G Q solves (Pi). By assumption, we can 
find two subintervals w 1 = (Ai,/?i) C (0,xo),W2 = (A 2 ,/? 2 ) C (xo, 1) such that (oj\ UW 2 ) CC 
w \ {cco}. Now, fix a G (a, Ai), p G (P2, P) and consider a smooth function £ : [0,1] —> [0,1] 
such that 

f 0, x G [0, a], 

£0*0 = < 1, xe[X 1 ,p 2 ] 

[ 0 , x G [P, 1], 

and define w := fv. Hence, w satisfies 

J 'OJt T aw xx -(- A— = ^^xx^ ^£x*^x) • /> **0 G Qti 


](t, 0 ) = w(t, 1 ) = 0 , 


t G (0, T). 


Applying Theorem 14.11 using the fact that w x (t, 0) = w x (t, 1) = 0, the definition of £ 
and in particular the fact that £ x and £ xx are supported in Ci) := [a, Ai] U [P 2 ,P] CC Co = 
[a, pi] U [A 2 , P], we can write 


' Qt 


sQ(w x ) 2 + s 3 © 3 




e 2s(p dxdt 


1 j 1 * j * 2 * n ' 

<C f [ (y 2 + v 2 x )e 2sifi dxdt < C f [ —dxdt + C f [ v 2 x e 2s(p dxdt 
J 0 J Co J 0 J Co ® JO J Co 


<C / —dxdt + C 
J{) J to O' 

(by Proposition 15.21) 


v 2 .e 2sv> dxdt 


0 J Co 


I / —dxdt + C / / 

0 J to & J 0 J Co 


< c 

for a positive constant C. Hence 


-dxdt < C 


r T r 2 
1 / v 


' 0 J CO 


dxdt , 


Jo C ( s0 (^) 2 + s303 (^^) 2z;2 ) e2sip dxdt 

sQ(w x ) 2 + s 3 0 3 w 2 j e 2s,p dxdt 


fT r p 2 


(5.27) 


< 


J ^©(w*) 2 + S 3 0 3 ^ 


3o3 X X 0 


W 


2 e 2sv dxdt < C 


rT r 2 

I I V 


'0 J to 


dxdt. 


Now, consider the smooth function rj : [0,1] —>■ [0,1] such that 

Jl, x G [ 0 , Ai], 

Id, x G [/3i, 1], 


(5.28) 
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and define z := r)v; hence, 2 satisfies 


z t + az xx + A^ = a(p xx z + 2rj x z x ) =: h, ( t , x) £ (0, T) x (0,1), 


,z(t,0) = z(t, 1) = 0, 


t £ (o,r). 


Applying Theorem 14.11 using the fact that the boundary terms in (14.1611 are non positive 
(observe that z x (t, 1) = 0), and the fact that r] x and r] xx are supported in [Ai,/?i] CC Cj = 
[d,/3i], where /?i £ (/3i,xo) is fixed, we get 


rT pXi 

'0 JO \ 
nT n Ai 

Jo Jo 


sQ(v x y + s a Q J 


3 Q 3 / x - x 0 


v 2 j e ‘ 2sL f , d X dt 


sQ(z x ) 2 + s 3 0 3 


3n3 ( X X 0 


z 2 I e 2sv dxdt 


< 


J ^S0(2 X ) 2 + S 3 0 3 ^ 


3q3 ( X *0 


2 2 I e 2sip dxdt 


(by Theorem l4.ll) 

iC r 


I I — e 2sip dxdt < C [ ( P \v 2 + v 2 x )e 2sif, dxdt 

0 Jq t a Jo Jx ! 

T r 0 i /„,2 


< 


c l L'(J +vl ) e “ Vdxdt 


r T rPi 


< C 


-dxdt + C 


v 2 e 2sip dxdt 


' 0 J oj 


> 0 J Ai 


(by Proposition [O]) 

< C 


pT p 2 pT p 2 pT p 2 

I / —dxdt + C / / —dxdt<C / / —dxdt, 

0 Ju ft Jn ./ r, ft Jn J,., O 


(5.29) 


for a positive constant C. Finally, consider the smooth function p : [0,1] —> [0,1] such that 


p(x) = 


1, X £ [/3 2 , 1], 

0 , a; £ [0, Aa], 


(5.30) 


and define q := pv, hence, fixed A 2 £ (xo, A 2 ), q satisfies 

[qt + aq xx + A| = a{p xx q + 2 p x q x ) =: ff, (t, x) £ (0, T) x (A 2 ,1), 

\q(t, A 2 ) = q(t, 1) = 0, t. £ (0, T). 

The previous problem is non degenerate, so we can apply Proposition l4.ll Since the bound¬ 
ary terms in (14.511 are non positive (observe that q x (t, A 2 ) = 0) and p x , p xx are supported in 
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[A 2 ,/? 2 ] CC w = [A 2 ,/?], we get 
r T r 1 / 

sO(v x ) 2 + s 3 0 


' o -//3 2 


2 _L c 3«3 ( *_ 

a 


v 2 e 2s{p dxdt 


J J ^s0(q x ) 2 + s 3 © 3 ^ q 2 ^ e 2sip dxdt 


r T /*! 


< k 

< C 

< C 

< c 


0 J \"2 
T , 1^2 


sO(q x ) 2 + s 3 0 3 q 2 ) e 2s ®dxdt 

T rp 2 


f f ^—e 2s ® dxdt < C f ( (v 2 + v 2 )e 2sv dxdt /g 31 ) 

JO J\n a JO J\o ^ ' ’ 


0 J A 2 

r T rh /*, 2 


' 0 J A 2 

CJJ 


- \-v 2 \ e 2sip dxdt 

a 


-dxdt+ C 


n 

J 0 J A 2 


v 2 e 2sip dxdt 


(by Proposition [O] for the non degenerate case) 


<C / — dxdt + C 
Jo Joj a 


/ / —dxdt < C 

0 Ju, a 


v 2 

— dxdt. 


Jo Jui a 

for positive constants k and C. Thus, by (15.271 1 . (I5.29[) and (15.311) the conclusion follows. 

Neumann boundary conditions: We proceed as for the Dirichlet case, obtaining (15.271) . 
Now, consider the cut-off function 77 defined in (15.281) and set z := i^v, hence, 2 satisfies 

(z t + az xx + A^ = a(r] xx z + 2 rj x z x ) =: h, (t, x) € Q T , 

l^x(* ; 0 ) = z x (t, 1 ) = 0 , f £ ( 0 ,T). 

Applying Theorem 14.11 and using the fact that rj x and r] xx are supported in [Ai,/3i] CCw = 
[cfe, /3i], where /3i is as before, we get 

v 2 | e 2sv> dxdt 


pT nXi 

1 0 Jo 


sQ( Vx ) 2 + s 3 0 3 I X Xo 


rT r\i 


sQ(z x ) 2 + s 3 0 3 I X Xo 


to JO 


z 2 I e 2sv dxdt 


< 


< C 


sQ(z x ) 2 + s 3 e 3 1 x Xo 


a 


z 2 e 2sv dxdt 


f ~ 

> Qt a 
rT W3i 


e 2sv dxdt + j f z 2 e 2sip dxdt\ 

Jo Jui ) 


C f f (v 2 + v 2 )e 2s,p dxdt + C f ( v 2 e 2stp dxdt 
Jo J Ai Jo Ja 

c [ T (-+vl) e 2sip dxdt + C f [ -dxdt 

Jo J x 1 V a J Jo Ju a 


< 


< 


(5.32) 


< C [ [ —dxdt + C 

Jo Jui a 

(by Proposition [572]) 


rT rfa 


v 2 e 2s<p dxdt 


< C 


-dxdt + C 


t0 J uj 


0 J Ai 


t0 J uj 


-dxdt < C 


-dxdt. 


t0 J uj 
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for a positive constant C. Finally, consider q := pv , where p is the cut-off function defined 
in (15.3011 : hence, fixed A 2 as before, q satisfies 


qt + aq xx + Xj- = a(p xx q + 2 p x q x ) =: H, (t,x) € (0 ,T) x (A 2 ,1), 
q x (t, A 2 ) = 1) = 0, te(0,T). 


The previous problem is non degenerate, so we can apply Proposition 14. II Since p x , p xx are 
supported in [A 2 ,/3 2 ] CCu=[A 2 ,^], we get 


L i ( s0 (^) 2+s303 ( 


X — Xo 

a 


r T r 1 / / \ 2 

_ vyx )2 + , e 3 Q 3 ( ^0 

/0 Jf% \ 

/•T cl 


< k 


/ 0 «/ A 2 


sQ(q x ) 2 + s 3 0 
( sQ(q x ) 2 + s 3 0 3 g 2 ) e 2s ®dxdt 


v 2 J e 2s ^d X dt 

q 2 ] e 2s,p dxdt 


< C 


r f 1 m 

1 0 j\ 2 a 

r T rh /„2 


e 2s ®dxdt 


r T r p 2 


q 2 e 2s ®dxdt I < (7 


r T ,/3 2 


' 0 J A 2 


' 0 J A 2 


(u 2 + v 2 )e 2sv dxdt 


< 


°l j 2 (^~+ v x ^J e 2sv dxdt 


< C 


-dxdt + C 


rT Hh 


v 2 e 2sv dxdt 


/ 0 J uj 


' 0 J A 2 


(by Proposition 15.21 for the non degenerate case) 


< C f [ —dxdt + C 
io L « 


[ [ —dxdt < C 

lo Jz a 


V 

— dxdt , 


' 0 J OJ 


(5.33) 

for positive constants k and C. Thus, by (15.2711 . (15.3211 and (15.3311 the conclusion follows. 

□ 


Lemma 5.2. Assume Hypotheses 15.11 - 15.31 There exists a positive constant Ct such that 
every solution v € Q of (Pi), i = 1,2, satisfies 



1 r T I" 1 

-v 2 ( 0 , x)dx < Ct / / —v 2 (t,x)dxdt. 

a Jo Ju a 


Vt 

Proof. Multiplying the equation of (Pi), i = 1,2, by — and integrating by parts over (0,1), 
one has 

L , ... ... cl /1 .... \ cl 1 

X=1 
0 


0 = J (v t + av xx + A-j-) l -J-dx = J ^v 2 + v xx v t + dx = J ^-v 2 dx + [v x v t } x x=l 

1 2 Id f 1 , , 2 A d f 1 v 2 
a VtdX ~2 dtl M + 2 dtJo ab dX 


- / v x v tx dx + 


A d I" 1 v 2 
2 dt In ab 


dx = 


r 1 .,2 


Id f , . 2 . Ad / * tr 

--2Tt f M dX + 2di f Vh dX - 


Thus, the function 


/ (v x ) 2 dx — A 
Jo Jo 


1 

a 6 


dec 
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is non decreasing for all t £ [0, r]. In particular, 

[ {v x ) 2 (0,x)dx - A [ —j dx < [ (v x ) 2 {t,x)dx - A [ -^f' dx. (5.34) 
Jo Jo a{x)b(x ) J o Jo a{x)b(x) 

If Dirichlet boundary conditions hold, then, by Lemma 12.41 or 12.51 


f (v x ) 2 (0,x)dx- A f — ^}*\ dx 
Jo Jo a{x)b(x) 

<(1 + |A| C*) f ( v x ) 2 {t,x)dx. 

Jo 


< 


f (v x ) 2 (t,x)dx — A / 

Jo Jo 


V 2 (t,x) 

a(x)b(x) 


Integrating the previous inequality over 


T 3 T 

"4 ’ ~ 4 ~ 


0 being bounded therein, we find 


K) 2 (0, x)dx - A f V ^°. ^ dx < ^(1 + |A|C*) 
Jo a{x)b(x) T 


2 dxdt 


< Ct 


sO(v x ) 2 e 2sv dxdt 


(5.35) 


(by Lemma 1 5. II) 


< C 


-dxdt , 


/ 0 J uj 


for a strictly positive constant C. 

Hence, from the previous inequality, if A < 0 

[ (v x ) 2 (0,x)dx < [ (v x ) 2 (0,x)dx - A f 
Jo Jo Jo 


0 a(x)b(x) 

for some positive constant C > 0. 

Now, suppose that A > 0. Then, by (15.351) . one has 

f (v x ) 2 (0,x)dx < X f 1 , ^ f \ dx + C 
Jo Jo 


v2 (°’ x ) dx<c ( [ —dxdt. 


' 0 J uj 


rT p 2 

r f V 


dxdt 


'0 J uj 


a(x)b(x) 

(by Lemma [2~4l or f2~5l) 

< AC* f (v x ) 2 (0,x)dx + C f I —dxdt. 

Jo Jo Ju a 


Thus 


(1 — AC*) f (v x ) 2 (0,x)dx < C f f — dxdt, 

Jo Jo Jui a 

for a positive constant C. In every case, there exists C > 0 such that 

f (v x ) 2 (0,x)dx < C j f — dxdt. (5.36) 

Jo Jo Jui a 

Now, applying the Hardy- Poincare inequality (see Proposition 12.11) and (15.361) , we have 

/ u 2 (0, x)—dx = [ P ^ X \ v 2 (0,x)dx <C H p [ p(x)(v x ) 2 (0,x)dx 
Jo « Jo (x-xq)- Jo 

<jChp [ (v x ) 2 (0,x)dx < C j f —dxdt, 

Jo Jo Jui a 
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(x — ^£g) 2 

for a positive constant C. Here p{x) = -, Chp is the Hardy-Poincare constant 


and 7 := max 


x o (1 — x o) 2 


. Observe that the function p satisfies the assumptions of 


a( 0 )’ a(l) 

Proposition 1 2. II (with q = 2 — K\) thanks to Lemma fZTl Hence, the conclusion follows. 

If Neumann boundary conditions hold. Assume, first of all, that I\\ + K 2 < 1. Then, by 


(15.341) and Lemma 12.61 

{v x ) 2 {0, x)dx -A [ V dx < (1 + |A|C*) 
/g J g a[x)o{x) 


u 0 


As before, integrating the previous inequality over 


[ (v x ) 2 (0 1 x)dx - \ j 

Jo Jo 


1 2 


( 0 , 


o a(x)6(x) 


T 3 T 

I’T 

dx 


(v x ) 2 (t,x)dx + / v 2 (t,x)dx 
Jo 

, we find 


(5.37) 


<-(l + |A|C*) 


((v x ) 2 + v 2 )dxdt 


4- Jo 


<Ct / sQ(v x ) 2 e 2scp dxdt + Ct / / v 2 dxdt 

Jr J o Jt J q 

(by Lemma l5Jl) 


(5.38) 


< C 


-dxdt + Ct 


2 dxdt , 


' 0 J uj 


'4- Jo 


for a strictly positive constant C. 

Now, we distinguish between the two cases Xq £ w and Xq $ w. 
If xg Gw, then 


v 2 dxdt < 


v 2 dxdt+ 


v 2 dxdt 


'4- Jo 


< C 


< C 


J[0,l]\u 

3 T 

r 

J [0A]V 


s 3©3 ( x X 0 


v 2 e 2slp dxdt 


v 2 dxdt 


\J Qt 

(by Lemma 15.1[) 

„2 


s 3©3 ( X _ fO 


v 2 e 2sip dxdt + 




-dxdt 


' 0 J UJ 


< c 


I / — dxdt. 

0 Ju, a 


Substituting this inequality in (15.381) . we obtain 


(v x ) 2 (0,x)dx - A f ^ r 
) Jo a(= 
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o a(x)b(x) 


dx < C 
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where C is a positive constant. 

If Xg ^ w, then, by Corollary 12. II defining p as before, 


v 2 dxdt < max a 


^ P{x) 


'4- Jo 


[0,1] Jt J o (x - Xg) 2 
/■a? ,1 


v 2 dxdt 
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[0,1] 


(v 2 + v 2 )dxdt. 
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(5.39) 


38 




















Hence 
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? Jo [ 0 , 1 ] 
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'-r -lo 


Since, by assumption, maxr 0il i a < 
again Lemma IO 


1 


Chp,i 


(indeed in this case Chp 


Chp,i), we have, using 



v 2 dxdt < 


max [o,i] aC H p 
1 - max[ 0 ,i] aC H p 




v 2 dxdt 


< Ct 



sQv 2 e 2sv dxdt < C 


v 

— dxdt. 
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Again (15.391) holds. In every case, under the given assumptions, one has (15.391) . 

Now, recall that, by assumption, if Ki + K 2 < 1 one has that A < 0. Hence, proceeding 
as for the (Dbc), one has 


f v 2 (0,x)dx<C f f —dxdt, 
Jo Jo Ju a 


(5.40) 


for a positive constant C. Now, applying Corollary 12. II and defining p as before, it results 
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p{x) 


jo (x~xo) 2 
< Chp 


v 2 (0, x)dx < Chp 
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Hence, by the previous inequality and (15.401) . 

nl v 2 (0,x) 


dx - 


((0, x)da 


(1 —ma xclChp) / 

[0,1] Jo 


f T f x 2 

dx<C / — dxdt. 
« Jo Ju a 


By assumption, the thesis follows. Assume now that one of Hypothesis 12.21 2. 12.21 3 or l2.2! 4 
holds. Then, using Lemma 12.71 (15.371) becomes 

f (v x ) 2 (0,x)dx - A [ V X \ dx < (1 + |A|C*) f {v x ) 2 {t,x)dx. 

Jo Jo a{x)b(x) J 0 

Proceeding as for the case Ki + K 2 < 1, we can prove that (15.391) holds and, if A < 0, the 
claim follows. Indeed in this case we have again (15.401) and, by Corollary 12.11 1 using the fact 
that v(xq) = 0), 


r-l „,2 


i> 2 ( 0 , x 


■dx = f j3 ( a ') v 2 (0,x)dx< Chp f u 2 (0, x)dx < C [ [ —dxdt, 

Jo [x-xo Y Jo Jo Ju a 


for a positive constant C. Again p is as before. 

On the other hand, if A > 0, by (12.161) and (15.391) . we have 


(v x ) 2 (0, x)dx < A f V , 1 \ dx + C 


f f —dxdt 
to Ju a 


o a(x)b(x) 

< AC* f (v x ) 2 (0,x)dx + C f I —dxdt. 
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Thus 


(1 — AC*) f (v x ) 2 (0,x)dx < C f f —dxdt, 
Jo Jo Jui a 


for a positive constant C. By assumption A < ——, hence there exists C > 0 such that 


[ (v x ) 2 (0,x)dx < C f f —dxdt. 

Jo Jo Juj a 

Since v(xq) = 0 by Lemma lT2l proceeding as before and using Corollary 12. 11 we get 

f v 2 (0,x)-dx = ( v 2 (0,x)dx < Chp [ ( v x ) 2 (0,x)dx 

Jo a Jo \ x — x o) Jo 


(5.41) 


< C 


-dxdt. 


/ 0 J uj 


Hence, also in this case, the conclusion follows. 


□ 


The proof of Proposition 15. II follows by a density argument as in Proposition 4.1]. 


Acknowledgments 

The author is a member of the Gruppo Nazionale per l’Analisi Matematica, la Proba¬ 
bility e le loro Applicazioni (GNAMPA) of the Istituto Nazionale di Alta Matematica (IN- 
dAM) and she is partially supported by the GDRE (Groupement De Recherche Europeen) 
CONEDP (Control of PDEs) and by the reaserch project Sistemi con operatori irregolari of 
the GNAMPA-INdAM. 

References 

[1] F. Alabau-Boussouira, P. Cannarsa, G Fragnclli, Carleman estimates for degenerate 
parabolic operators with applications to null controllability J. Evol. Eqs 6 (2006), 161- 
204. 

[2] W. Arendt, C.J.K. Batty, M. Hieber, F. Neubrander, Vector-valued Laplace Trans¬ 
forms and Cauchy Problems , Monographs in Mathematics 96 (2001), Birkhauser Ver- 
lag, Basel. 

[3] P. Baras and J. Goldstein, Remarks on the inverse square potential in quantum mechan¬ 
ics, Differential Equations, North-Holland Math. Stud. 92, NorthHolland, Amsterdam, 
1984, 31-35. 

[4] P. Baras and J. Goldstein, The heat equation with a singular potential, Trans. Amer. 
Math. Soc. 284 (1984), 121-139. 

[5] K. Beauchard, P. Cannarsa, R. Guglielmi, Null controllability of Grushin-type operators 
in dimension two, J. Eur. Math. Soc. (JEMS) 16 (2014), 67-101. 

[6] I. Boutaayamou, G. Fragnelli, L. Maniar, Lipschitz stability for linear cascade parabolic 
systems with interior degeneracy, Electron. J. Diff. Equ. 2014 (2014), 1-26. 


40 



[7] I. Boutaayamou, G. Fragnelli, L. Maniar, Carleman estimates for parabolic equations 
with interior degeneracy and Neumann boundary conditions, J. Anal. Math., to appear. 
ArXiv: 1509.00863. 

[ 8 ] H. Brezis, Functional Analysis, Sobolev Spaces and Partial Differential Equations, 
Springer Science+Business Media, LLC 2011. 

[9] H. Brezis and J.L. Vazquez, Blow-up solutions of some nonlinear elliptic equations, 
Rev. Mat. Complut. 10 (1997), 443-469. 

[10] P. Cannarsa, G. Fragnelli, D. Rocclretti, Controllability results for a class of one¬ 
dimensional degenerate parabolic problems in nondivergence form, J. Evol. Equ. 8 
(2008), 583-616. 

[11] P. Cannarsa, G. Fragnelli, D. Rocchetti, Null controllability of degenerate parabolic 
operators with drift, Netw. Heterog. Media 2 (2007), 693-713. 

[12] P. Cannarsa, P. Martinez, J. Vancostenoble, Null controllability of the degenerate heat 
equations, Adv. Differential Equations 10 (2005), 153-190. 

[13] P. Cannarsa, P. Martinez, J. Vancostenoble, Carleman estimates for a class of degen¬ 
erate parabolic operators, SIAM J. Control Optim. 47 (2008), 1 19. 

[14] T. Cazenave, A. Haraux, An Introduction to Semilinear Evolution Equations, Claren¬ 
don Press, Oxford 1998. 

[15] A.S. de Castro, Bound states of the Dirac equation for a class of effective quadratic plus 
inversely quadratic potentials, Ann. Plrys. 311 (2004), 170-181. 

[16] J.W. Dold, V.A. Galaktionov, A.A. Lacey, and J.L. Vazquez, Rate of approach to a 
singular steady state in quasilinear reaction-diffusion equations, Ann. Sc. Norm. Super. 
Pisa Cl. Sci. 26 (1998), 663-687. 

[17] S. Ervedoza, Null Controllability for a singular heat equation: Carleman estimates and 
Hardy inequalities, Com. in Partial Diff. Eq. 33 (2008), 1996-2019. 

[18] M. Fotouhi, L. Salimi, Controllability results for a class of one dimensional degener¬ 
ate/singular parabolic equations, Commun. Pure Appl. Anal. 12 (2013), 1415-1430. 

[19] M. Fotouhi, L. Salimi, Null controllability of degenerate/singular parabolic equations, J. 
Dyn. Control Syst. 18 (2012), 573-602. 

[20] G. Floridia, Approximate controllability for nonlinear degenerate parabolic problems 
with bilinear control, J. Differential Equations 257 (2014), 3382-3422. 

[21] G. Fragnelli, Null controllability of degenerate parabolic equations in non divergence 
form via Carleman estimates, Discrete Contin. Dyn. Syst. Ser. S 6 (2013), 687-701. 

[22] G. Fragnelli, D. Mugnai, Carleman estimates and observability inequalities for parabolic 
equations with interior degeneracy, Advances in Nonlinear Analysis 2 (2013), 339-378. 

[23] G. Fragnelli, D. Mugnai, Carleman estimates, observability inequalities and null con¬ 
trollability for interior degenerate non smooth parabolic equations, Mem. Arner. Math. 
Soc., to appear. ArXiv: 1508.04014. 

[24] G. Fragnelli, D. Mugnai, Carleman estimates for singular parabolic equations with 
interior degeneracy and nonsmooth coefficients, submitted. ArXiv: 1507.07786. 


41 



[25] G. Fragnelli, G. Ruiz Goldstein, J.A. Goldstein, S. Romanelli, Generators with interior 
degeneracy on spaces of L 2 type , Electron. J. Differential Equations 2012 (2012), 1-30. 

[26] V. Galaktionov and J.L. Vazquez, Continuation of blow-up solutions of nonlinear heat 
equations in several space dimensions, Comm. Pure Appl. Math. 50 (1997), 1-67. 

[27] J. Le Rousseau, G. Lebeau, On carleman estimates for elliptic and parabolic operators, 
applications to unique continuation and control of parabolic equations, ESAIM Control 
Optirn. Calc. Var. 18 (2012), 712-747. 

[28] M.E. Taylor, Partial Differential Equations I. Basic theory. Second edition. Applied 
Mathematical Sciences 115. Springer, New York, 2011. 

[29] J. Vancostenoble, Improved Hardy-Poincare inequalities and sharp Carleman estimates 
for degenerate/singular parabolic problems, Discrete Contin. Dyn. Syst. Ser. S 4 (2011), 
761-790. 

[30] J. Vancostenoble, E. Zuazua, Null controllability for the heat equation with singular 
inverse-square potentials, J. Funct. Anal. 254 (2008), 1864-1902. 


42 



